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IWASAWA THEORY AND ZETA ELEMENTS FOR 

DAVID BURNS, MASATO KURIHARA AND TAKAMICHI SANO 


Abstract. We describe an explicit ‘higher rank’ Iwasawa theory for zeta elements 
associated to the multiplicative group over abelian extensions of general number 
helds. We then show that this theory leads to a concrete new strategy for proving 
special cases of the equivariant Tamagawa number conjecture. As a first application 
of this approach, we use it to prove new cases of the conjecture for Tate motives 
over natural families of abelian CM-extensions of totally real fields for which the 
relevant p-adic L-functions possess trivial zeroes. 
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1. Introduction 

In our previous article [9], we showed that a natural theory of zeta elements asso¬ 
ciated to the multiplicative group over hnite abelian extensions of number helds 
shed light on the equivariant Tamagawa number conjecture (or eTNC for short in the 
remainder of this introduction) in the setting of untwisted Tate motives. 

In particular, in this way we derived a wide range of explicit results and predictions 
concerning, amongst other things, families of hne integral congruence relations be¬ 
tween Rubin-Stark elements of different ranks and also several aspects of the detailed 
Galois module structures of ideal class groups and of the natural Selmer groups (and 
their homotopy-theoretic transposes) that are associated to For details see [9]. 

The main aims of the present article are now to develop an explicit Iwasawa theory 
for these zeta elements, to use this theory to describe a new approach to proving some 
important special cases of the eTNC and to describe some initial concrete applications 
of this approach. 

In the next two subsections we discuss briefly the main results that we shall obtain 
in this direction. 

1.1. Iwasawa main conjectures for general number fields. The hrst key aspect 
of our approach is the formulation of an explicit main conjecture of Iwasawa theory 
for abelian extensions of general number helds (we refer to this conjecture as a ‘higher 
rank main conjecture’ since the rank of any associated Euler system would in most 
cases be greater than one). 

To give a little more detail we hx a hnite abelian extension K/k oi general number 
helds and a Zp-extension k^o of k and set iFoo = Kkoo- In this introduction, we 
suppose that koo/k is the cyclotomic Zp-extension but this is purely for simplicity. 

Our higher rank main conjecture is hrst stated (as Conjecture 13.11 which for peda¬ 
gogical reasons we refer to as (hIMC) in this introduction) in terms of the existence 
of an Iwasawa-theoretic zeta element which ehectively plays the role of p-adic L- 
functions for general number helds and has precise prescribed interpolation properties 
in terms of the values at zero of the higher derivatives of abelian L-series. 

We then subsequently reinterpret this conjecture, occasionally under suitable hy¬ 
potheses, in several more explicit ways: hrstly, in terms of the properties of Iwasawa- 
theoretic ‘Rubin-Stark elements’ (see Conjecture 13.7p . then in terms of the existence of 
natural Iwasawa-theoretic measures (see Conjecture 13.Sp . then in terms of the explicit 
generation, after localization at height one prime ideals, of the higher exterior powers 
of Iwasawa-theoretic unit groups (see Conjecture I3.13P and hnally in a very classical 
way in terms of the characteristic ideals of suitable ideal class groups and concrete 
torsion modules constructed from Rubin-Stark elements (see Conjecture 13.191 in fact. 
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readers who are familiar with the classical formulation of main conjectures may wish 
to look at this formulation of the conjecture hrst). 

In particular, for the minus part of a CM-abelian extension of a totally real held, 
we show that (hIMC) is equivalent to the usual main conjecture involving the p-adic 
L-function of Deligne-Ribet (see the proof of Theorem I3.2ir i)) and that for a real 
abelian held over Q it is equivalent to the standard formulation of a main conjecture 
involving cyclotomic units. 

In general, the conjecture (hIMC) is implied by the validity of the relevant case of 
the eTNC for extensions K'/k as K' runs over all (sufficiently large) hnite extensions 
of K in Koo but is usually very much weaker than the eTNC (and hence also than 
the main conjecture formulated by Fukaya and Kato in [T6]h 

For example, if any p-adic prime of k splits completely in K, then our conjec¬ 
tured zeta element encodes no information concerning the L-values of characters of 
Gal{K/k). More precisely, if for any character y of Gal{K/k) there exists a p-adic 
prime of k whose decomposition subgroup in Gsl{K/k) is contained in the kernel of 
y (in which case one says that the p-adic L-function for y has a trivial zero at s = 0), 
then the zeta element that we predict to exist has no conjectured interpolation prop¬ 
erty involving the leading term of Lfc, 5 ,r(x, s) at s = 0. 

1.2. eTNC and congruences between Rubin-Stark elements. We now turn to 
discuss how (hIMC) leads to a concrete strategy to prove some interesting new cases 
of the eTNC. 

Here, a key role is played by a detailed Iwasawa-theoretic study of the hne con¬ 
gruence relations between Rubin-Stark elements of differing ranks that were indepen¬ 
dently formulated in the context of hnite abelian extensions by Mazur and Rubin 
in [21] (where the congruences are referred to as a ‘rehned class number formula for 
Gm’) and by the third author in [2B|- In particular, working in the setting of the 
extension K^/k we formulate an explicit conjecture, denoted for convenience (MRS) 
here, which, roughly speaking, describes the precise relation between the natural 
Rubin-Stark elements for K^/k and for K/k. (For full details see Conjectures 14.11 
and 14.21) . 

To better understand the context of this conjecture we prove in Theorem 14.91 that 
it constitutes a natural generalization of the so-called ‘Gross-Stark conjecture’ formu¬ 
lated by Gross in [19]. 

It is easy to see that, as already observed above, the eTNC implies the validity of 
(hIMC) and, in addition, one of the main results of our previous work [9] allows us 
to prove in a straightforward way that it also implies the validity of (MRS). 

One of the key observations of the present article is that, much more signihcantly, 
one can prove under certain natural hypotheses a powerful converse to these implica¬ 
tions. To be a little more precise, we shall prove a result of the following sort (for a 
detailed statement of which see Theorem 15.21) . 
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Theorem 1.1. If the Galois coinvariants of a certain natural Iwasawa module is finite 
(as has been conjectured to be the case by Gross), then the validity of both (hIMG) 
and (MRS) for the extension K^o/k combine to imply the validity of the p-component 
of the cTNG for every finite subextension F/k of Koo/k. 

To give a first indication of the usefulness of the above theorem, we apply it in the 
case that k is totally real and K is CM and consider the ‘minus component’ of the 
p-part of the eTNC. In this context we write for the maximal totally real subheld 
oiK. 

We recall that if no p-adic place splits in K /and the Iwasawa-theoretic p,- 
invariant of Koo/K vanishes, then the validity of the minus component of the p-part 
of the eTNC is already known (as far as we are aware, such a result was hrst implicitly 
discussed in the survey article of Flach [H]). 

However, by combining Theorems 14.91 and 15.21 with recent work of Darmon, Das- 
gupta and Pollack [12] and of Ventullo [55] on the Gross-Stark conjecture, we can 
now prove the following result (for a precise statement of which see Corollary 15.81) . 

Corollary 1.2. Let K be a finite GM-extension of a totally real field k. Let p be 
an odd prime for which the Iwasawa-theoretic p-invariant of Koo/K vanishes and at 
most one p-adic place of k splits in K/. Then the minus component of the p-part 
of the cTNG for K/k is (unconditionally) valid. 

We remark that this result gives the first verifications of the (minus component of 
the p-part of the) eTNC for the untwisted Tate motive over abelian CM-extensions 
of a totally real held that is not equal to Q and for which the relevant p-adic L-series 
possess trivial zeroes. For details of some concrete applications of Corollary 11.21 in 
this regard, see Examples 15.91 

In another direction. Corollary 11.21 also leads directly to a strong rehnement of one 
of the main results of Greither and Popescu in [TH] (for details of which see Corollary 

1.3. Further developments. Finally we would like to point out that the ideas pre¬ 
sented in this article extend naturally in at least two diherent directions and that we 
intend to discuss these developments elsewhere. 

Firstly, one can formulate a natural generalization of the theory discussed here in 
the context of arbitrary Tate motives. In this setting our theory is related to natural 
generalizations of both the notion of Rubin-Stark element (which specializes in the 
case of Tate motives of strictly positive weight over abelian extensions of Q to recover 
Soule’s construction of cyclotomic elements in higher algebraic iC-theory) and of the 
Rubin-Stark conjecture itself. In particular, our approach leads in this context to the 
formulation of precise conjectural congruence relations between Rubin-Stark elements 
of differing ‘weights’ which can be seen to constitute a wide-ranging (conjectural) 
generalization of the classical Kummer congruences involving Bernoulli numbers. For 
more details in this regard see ^3.2.21 
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Secondly, many of the constructions, conjectures and results that are discussed here 
extend naturally to the setting of non-commutative Iwasawa theory and can then be 
used to prove the same case of the eTNC that we consider here over natural families 
of Galois extensions that are both non-abelian and of degree divisible by a prime p 
at which the relevant p-adic L-series possess trivial zeroes. 

Notation. For the reader’s convenience we start by collecting some basic notation. 

For any (prohnite) group G we write G for the group of homomorphisms G —)■ 
of hnite order. 

Let /c be a number held. For a place v of k, the residue held of v is denoted by n{v), 
and its order is denoted by Nu. We denote the set of places of k which lie above the 
inhnite place cxo of Q (resp. a prime number p) by Soo{k) (resp. Sp{k)). For a Galois 
extension L//c, the set of places of k which ramify in L is denoted by S^s,ra{L/k). For 
any set S of places of k, we denote by the set of places of L which lie above places 
in S. 

Let L/k be an abelian extension with Galois group G. For a place v of k, the 
decomposition group at u in G is denoted by G^. If v is unramihed in L, the Frobenius 
automorphism at v is denoted by Fr^. 

Let E be either a held of characteristic 0 or Zp. For an abelian group A, we denote 
E (g)^ A by EA or Ae- For a Zp-module A and an extension held E of Qp, we also 
write EA or Ae for E^Zp A. (This abuse of notation would not make any confusion.) 
We use similar notation for complexes. For example, if G is a complex of abelian 
groups, then we denote E (g)| G by EG or Ge- 

Let Rhe & commutative ring, and M be an i?-module. Let r and s be non-negative 
integers with r < s. There is a canonical paring 

s r s—r 

f\M X /\ Homij(M, R)^ /\M 

R R R 

dehned by 

(oi A • • • A Os, <pi A • • • A pr) ^ E Sgn((T) det((pi(c!/(j(j)))l<ij<r®fT(r-|-l) A • • • A 

cr€6s,r 

where 

&s,r ■= {cr G ©s I O'(l) < • • ■ < cr(r) and cr(r -|- 1) < • • • < cr(s)}. 

(See O Proposition 4.1].) We denote the image of (a, <F) under the above pairing by 

4>(a). 

For any i?-module M, we denote the linear dual R) by M*. 

The total quotient ring of R is denoted by Q{R). 

2. Zeta elements for Gm 

In this section, we review the zeta elements for that were studied in [U]. 


6 


DAVID BURNS, MASATO KURIHARA AND TAKAMICHI SANO 


2.1. The Rubin-Stark conjecture. We review the formulation of the Rubin-Stark 
conjecture m Conjecture B']. 

Let L/k be a hnite abelian extension of number helds with Galois group G. Let 
S' be a hnite set of places of k which contains Soo{k) U S^s,^{L/k). We hx a labeling 
S = {uo, • • • Wn}- Take r G Z so that ui,...,Ur split completely in L. We put 
V := {ui,... ,Ur-}- For each place v of k, we hx a place w oi L lying above v. In 
particular, for each i with 0 < i < n, we hx a place Wi of L lying above u,. Such 
conventions are frequently used in this paper. 

For X G G, let Lk^siXi s) denote the usual S'-truncated L-function for y. We put 


:= ord5=oLfc,5(x,s). 


Let Ol,s be the ring of Sl integers of L. For any set S of places of k, put : = 
©ujsSi ^Fe free abelian group on We dehne 





weT.L 


By Dirichlet’s unit theorem, we know that the homomorphism of M[G]-modules 


\ l,s ■ ^ a i-t - ^ log |a|^M; 




where := ^ From this fact, we see that r < r^^s- 

Let T be a hnite set of places of k which is disjoint from S. The S'-truncated 
T-modihed L-function is dehned by 


Tfc,s,T(x, s) := (JJ(1 - x(Fr^)Nu^ ^))Lk,s{x, s). 


vGT 

The (S', T)-unit group of L is dehned by 



wGTl 

Note that g is a subgroup of O^ g of hnite index. We have 

r < r^^g = ord*=oTfc,s,T(x, s) = dimc(exCG^ 57 ,)- 


:= lims ''Lk,s,T{x, s). 

’ ’ «—^il 


We put 
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We define the r-th order Stickelberger element by 

</W := e R|G]. 

X6G 

The (r-th order) Rubin-Stark element 

r 

^^lk,S,T ^ ® A ^L,S,T 
Z[G] 


is defined to be the element which corresponds to 

r 

^L)k,S,T ■ {wi - Wo) A ■ ■ ■ A {Wr - Wo) ^ R /\ Xl,S 

Z[G] 

under the isomorphism 

r r 

K A <^is.T ^ » A 

Z[G] Z[G] 

induced by Xl,s- 

Now assume that O^grp is Z-free. Then, the Rubin-Stark conjecture predicts that 
the Rubin-Stark element g j, lies in the lattice 


n °Iat - {« 6 Q a °A.t I »(«) 6 ZIG] for allt e /\ Hom^G|(0£s^, Z|G|)}. 

Z[G] Z[G] Z[G] 

(See [271 Conjecture B'].) In this paper, we consider the ‘p-part’ of the Rubin-Stark 
conjecture for a hxed prime number p. We put 


Ul,s,t ■= '^pOl,s,t- 

We also £x an isomorphism C ~ Cp. From this, we regard 

r 

^LjkS.T ^ Cp A ^L,S,T- 
Zp[G] 


We define 


Pi f^L,s,r := {a e Qp f\ Ul,s,t 
Z p[G] Zp[G] 


<F(a) e Zp[G] for all <F G A ^om^^[G]iUL,s,T,^p[G])}. 

Zp[G] 


We easily see that there is a natural isomorphism Zp nz[G] — nzp[G] Gl,s,t- We 

often denote Azp[G] rizpfG] simply by A*" s-iicl respectively. 

We propose the ‘p-component version’ of the Rubin-Stark conjecture as follows. 
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Conjecture 2.1 (IiS{L/k, S,T,V)p). 

r 

^LIk,S,T ^ n ^L,S,T- 

Remark 2.2. Concerning known resnlts on the Rnbin-Stark conjecture, see P Re¬ 
mark 5.3] for example. Note that the Rubin-Stark conjecture is a consequence of the 
eTNC. This result was hrst proved by the hrst author in P Corollary 4.1], and later 
by the present authors P Theorem 5.13] in a simpler way. 

2.2. The eTNC for the untwisted Tate motive. In this subsection, we review 
the formulation of the eTNC for the untwisted Tate motive. 

Let L/k,G, S,T be as in the previous subsection. Fix a prime number p. We 
assume that Sp{k) C S. Consider the complex 

Cl,s ■= Riiomzp{RTc{OL,s,'^p),'^p)[—‘^]- 

It is known that Cl,s is a perfect complex of Zp[G]-modules, acyclic outside degrees 
zero and one. We have a canonical isomorphism 

H%c,,s) ^ u,A--= 

and a canonical exact sequence 

0 As{L) —)■ H^{Cl,s) —)■ 0, 

where As{L) := 'Lp'Pic{OL,s) and '■= '^pXl,s- The complex Cl,s is iden- 

tihed with the p-completion of the complex obtained from the classical ‘Tate se¬ 
quence’ (if S is large enough), and also identihed with Zpi?r((C)i where 

RV[{OLAy\>i^rn) is the ‘Weil-etale cohomology complex’ constructed in P §2.2] (see 
P Proposition 3.3] and P Proposition 3.5(e)]). 

By a similar construction with P Proposition 2.4], we construct a canonical com¬ 
plex Cl,s,t which lies in the distinguished triangle 

Cl,s,t Cl,s ZpK{w)^[0]. 

w&Tl 

(Simply we can dehne Cl,s,t by ZpRTT{{OL,s)yVy i’^ i^^e terminology of p.) We 
have 

= Ul,s,t 

and the exact sequence 

0 —)■ Ag{L) —)■ H^{Cl^s,t) —t Xl^s 0 , 

where A^L) is the p-part of the ray class group of Ol,s with modulus HiueTi 
We dehne the leading term of s) at s = 0 by 

Tfc,5,T(x,0) := \ims-^^^sLk,sAxs). 
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The leading term at s = 0 of the equivariant L-function 

0L/k,s,T{s) := ■s)ex 

xgg 


is defined by 

6 Riq". 

XGG 

As in the previous subsection we £x an isomorphism C ~ Cp. We regard 6*2/^. 5 7 ^( 0 ) G 
Cp[G]^. The zeta element for 

ZL/k,s,T G Cpdetzp[G](Gi_5^r) 

is defined to be the element which corresponds to (^L/ksri^) under the isomorphism 

Cpdetzp[G](CL,5,r) — detcp[G](Cpf/L,5_r) Gcp[G] detj.^jg,j(CpAA_5) 

^ detcp[G](CpA’i,5) <8)Cp[G] detj.^^jgj(CpdA^s) 

^ Cp[G], 


where the second isomorphism is induced by Xl,Si uud the last isomorphism is the 
evaluation map. Note that determinant modules must be regarded as graded in¬ 
vertible modules, but we omit the grading of any graded invertible modules as in 

0- 

The eTNC for the pair (/i°(Spec L), Zp[G]) is formulated as follows. 

Conjecture 2.3 (eTNC(/i°(SpecL),Zp[G])). 

^p[G] • ZL/k,S,T = detzp[G]{CL,S,T)- 


Remark 2.4. When p is odd, k is totally real, and L is CM, we say that the minus 
part of the eTNC (which we denote by eTNC(h°(Spec L), Zp[G]~)) is valid if we have 
the equality 

e Zp[G] ■ ZL/k,s,T = e deti^\G]{C l^s,t), 
where e~ := ^ and c G G is the complex conjugation. 


2.3. The eTNC and Rubin-Stark elements. In this subsection, we interpret the 
eTNC, using Rubin-Stark elements. The result in this subsection will be used in §21 
We continue to use the notation in the previous subsection. Take x ^ G, and 
suppose that < #*5'. Put := and G^ := Gal{L^/k). Take C S' so 

that all V G Vy.^s split completely in (i.e. x(G^) = 1) and = r^^s- Note that, 

if X 7 ^ 1 , we have 

I 4 .S = {u G S' I x(G^) = 1}. 

Consider the Rubin-Stark element 


c:^X,S p (p 

-L^/k,S,T ^ 


^x,S 

/\u. 
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Note that a Rubin-Stark element depends on a fixed labeling of S, so in this case a 
labeling of S such that S = {uq, • • •, and • • • ) s) is understood to 

be chosen. 

For a set S of places of k and a finite extension F/k, put yF,Y: ■= = 

Zptc and ■= = ker(yir^s —)■ Zp). The natural surjection 


induces an injection 


yi^y^.s 


where (•)* := Honiz^ic^] (•, Zp[Gx]). Since yL^y^^s - and dimcp(exCpA’L,s) = 

the above map induces an isomorphism 


eyCpyi^y^^ 4 e^CpXl s- 
From this, we have a canonical identification 

y,S r^,S 

^x^pi/\ ® A ^Gyx,s) = e;(.(detCj,[G](Cpf/L,s,T) <H)Cp[G] detc^^[^](CpA’L,5)). 

Since {tCi,..., Wr^ 5 } is a basis of yp^y^ g, we have the (non-canonical) isomorphism 

^X.s fx.S f-X.S 

A ^ A <8 A yi^y^y a H- a (g) A • • • A 

where w* is the dual of tCj. Hence, we have the (non-canonical) isomorphism 

TX,S 

e^Cp A Ul^,s,t - ey^{detcpiG]{CpUL,s,T) (2)Cp[G] detc^^[gj(Cpdi,5)). 


Proposition 2.5. Suppose that < for every X £ G. Then, eTNC(h°(Spec L), Zp[G]) 
holds if and only if there exists a Zp[G]-6aszs Cp/kyy of detipicfCiyy) such that, 
for every x ^ G, the image of e-^Cp/kyy under the isomorphism 

rx,S 

e^Cpdetzp[G](CL,s,T) — ex(detcp[G](Cpt/i^5^r)®Cp[G]detj.^jg,](CpT’p,_5)) ~ e^Cp A Gp^^yy 
coincides with e-x^f,%ST- 

Proof. By the definition of Rubin-Stark elements, we see that the image of gj, 

under the isomorphism 

^x,s 

/\GL,,yy - e^(detcj,[G](CpRL,5,r) <H)Cp[G] detc^\g](CpT’L_s)) 

~ e^(detcp[G](CpT’i^5) {8)Cp[G] detc^^[g,](CpTi_5)) 

^ e,Cp[G] 

is equal to ^ 0 ). The ‘only if part’ follows by putting Cp/kyy ■= zp/kyy- 

The ‘if part’ follows by noting that Cp/kyy must be equal to zp/kyy- D 
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2.4. The canonical projection maps. Let L/k,G, S,T,V,r be as in ^2.11 We put 

Cr := G Q[G]. 

XeG, r^^s=r 

As in Proposition 12.51 we construct the (non-canonical) isomorphism 

r 

erCpdeiZp[G]{CL,S,T) — I\Ul,S,T- 
In this subsection, we give an explicit description of the map 

r r 

'^^lk,S,T • detzp[G](C'L,5,T) erCpdetzp[G](C'L,S,T) — CrCp yA^ Ul,S,T C Cp yA^ Ul,S,T- 

This map is important since the image of the zeta element ZL/k,s,T under this map is 
the Rubin-Stark element 

Firstly, we choose a representative of Cl,s,t 

n ^ n. 


where the hrst term is placed in degree zero, such that 11 is a free Zp[G]-module with 
basis {6i,..., hd} {d is sufficiently large), and that the natural surjection 

n —)■ H^{Cl^s,t) ^L,S 

sends bi to Wi — wq for each i with 1 < i < r. For the details of this construction, see 
[9|, §5.4]. Note that the representative of RrT((OK,s)w, ^m) chosen in [9], §5.4] is of 
the form 

F, 

where P is projective and F is free. By Swan’s theorem [TTl (32.1)], we have an 
isomorphism ZpP ~ ZpP. This shows that we can take the representative of Cl,s,t 
as above. 

We define V'l e Homzj,[G](n, Zp)^]) by 

V’i := b* O 

where b* is the dual of 5*. Note that /\r<^i<d'4’i ^ Homzj^[G'](n, Zp[G]) defines the 
homomorphism 

A *An^An 

r<i<d 

given by 

(A A*)(^i A ■ ■ ■ A 5rf) = ^ sgn((T) det{'ijji{b^^j)))r<ij<dbaii) A ■ ■ ■ A 

r<i<d 

(see Notation.) 


Proposition 2.6. 
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(i) We have 

r r r 

Pi Ul,s,t = (Qp /\ Ul,s,t) a 
where we regard Ul^s,t C II via the natural inclusion 

Ul,s,t = = kerV^ -a H. 

(ii) If we regard C ^ by (i), then we have 

d r r 

im( A V'. : An^ An)cn^7i,5,T. 


r<i<d 


(iii) The map 

d d r 

d^Wp[G]{CL,s,T) = /\^^/\^* ^ (~^Ul,s,t] biA-■-Abd^blA-■ ■Ab*j^ { A ' 0 i)(&iA-■-Afe 

r<i<d 

coincides with s t- particular, we have 

^L/k,s,Ti^i^- ■ -I^bd^blA- ■ -Ab}) = (_l)K<i-A ^ sgn(a) det{Yi{baQ)))r<i,j<dba{i)A- ■ -Ab^^ 

ae&d,r 

and 

r 

^^^L/k,s,T c {a e ^Ul,s,t I era = a}. 

Proof. For (i), see [HI Lemma 4.7(ii)]. For (ii) and (iii), see 0 Lemma 4.3]. □ 


3. Higher rank Iwasawa theory 

3.1. Notation. We fix a prime number p. We use the following notation: 

• k: number field; 

• Koo/k: Galois extension such that Q := Gal{Koo/k) ~ A x F, where A is a 
finite abelian group and F ~ Z^; 

. A - Z,||a]|; 

• Fix an isomorphism C ~ Cp, and identify A with Homg(A, ). For y G A, 
put := Zp[imx][[F]]. 

Note that the total quotient ring Q{A) has the decomposition 

Q(A)~ 0 Q(A,), 

xeA/~Qp 

where the equivalence relation is defined by 

A ~Qp x' there exists a G Gq^ such that A = u o y'. 

• a: := (so Gal{K/k) = A); 

• fcoo := (so koo/k is a Zp-extension with Galois group F); 
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• kn'. the n-th layer of koo/k] 

• K„: the n-th layer of K^/K: 

. Gn := G^\{Kjk). 

For each character y G ^ we also set 

• L ■= 

• ' ^oo) 

• L^^n- the n-th layer of L^^oo/L^] 

• Gx ■ Gsli^L-^^oo/k'j j 

• Gx,n •” GsK^Ly’^n/k'), 

• := GaliLjk); 

• F^ .= Gal(F^^oo/F^), 

• ■ ^^K'^Xi^/'^x) ’ 

• S': a hnite set of places of k which contains Soo{k) U Sra.m{Kao/k) U Sp{k); 

• T: a hnite set of places of k which is disjoint from S] 

• Vy. := {v E S \ V splits completely in F^,oo} (this is a proper subset of S'); 

• := #^x- 

For any intermediate held L of Koo/k, we denote lim ^ U fs.t by Ul,s,t, where F 
runs over all intermediate held oi L/k which is hnite over k and the inverse limit is 
taken with respect to norm maps. Similarly, Cl,s,t is dehned to be the inverse limit 
of CfST- We denote hm„ yps by s, where the inverse limit is taken with respect 
to the maps 

yF',S —t 3 ^F,s; Wf' i-G- Wp-, 

where F C F', wp' G S'i?/, and wp G Sp is the place lying under wpi. We use similar 
notation for Xp^s etc. 


3.2. Iwasawa main conjecture I. In this section we formulate the main conjecture 
of Iwasawa theory for general number helds, that is a key to our study. 


3.2.1. For any character y in ^ there is a natural composite homomorphism 
: detA(C'x„,,5,r) 

^ detcp[Gx](CpC'L,,,s,T) 

^ detcp[G,,] {GpUl^^s,t) ®Cp[G,,] {GpXp^^s) 

^ detcp[G,,](CpA’A^,5) G)Cp[G,,] detc^^[c,^](CpA:’A^,s) 

^ C,[G,] 

A Cp, 


where the fourth map is induced by A^^^g, the hfth map is the evaluation, and the 
last map is induced by y. 
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We can now state our higher rank main conjecture of Iwasawa theory in its first 
form. 

Conjecture 3.1 (lMC{Koo/k, S,T,p)). There exists a K-hasis CK^/k,s,T of the mod¬ 
ule det\{CK^,s,T) for which, at every y G A and every i/j G for which r,p^s = W 
one has X^{CK^/k,s,T) = 

Remark 3.2. It is important to note that this conjecture is much weaker than the 
(relevant case of the) equivariant Tamagawa number conjecture. For example, if koo/k 
is the cyclotomic Zp-extension, then for any ip that is trivial on the decomposition 
group in of any p-adic place of k one has r,p^s > W so there is no interpolation 
condition at ^|J specified above. When = 0, (the y-component of) the element 
k^Koo/k,s,T is the p-adic L-function, and in the general case > 0, it plays a role of p- 
adic L-functions. We show later that Conjecture 13.II can also be naturally interpreted 
in terms of the existence of suitable Iwasawa-theoretic measures (see Proposition 13.9p . 

3.2.2. In this subsection we assume that Koo/K is the cyclotomic Zp-extension and 
that K contains a primitive p-th root of unity and we briefly discuss how in this case 
the element CK,^/k,s,T predicted by Conjecture lMC{Koo/k, S,T,p) should encode 
information about the L-values at s = n for arbitrary integers n. 

To do this we use the twisting map 

tw : A ^ A 

defined by setting tw(cr) := Xcyc(o')o', where a E Q and Xcyc : ^ Zp is the cyclotomic 
character. For an integer n, the ring A, which is regarded as a A-algebra via tw"", is 
denoted by A(?7,). For a finite extension L/k and a set of places T oik which contains 
Soo{k) U S^^J^L/k) U Sp{k), we put 

CL,T.{n) ;= RHomz^(RFc(C>L,E,Zp(n)),Zp)[-2]. 

For a set of places T oi k which is disjoint from S, one can construct a canonical 
complex CL,T,,T{'n) which lies in the exact triangle 

CL,'E,T{n) -E- Cl, sin) H^{K{w),Zp{l — n))[0] 

wGTl 

and is such that there exists a canonical isomorphism 

detA(C^f^^5^T) A(n) ~ detA(CA'„„^5^T(?^)), 

where CK^,s,T{n) is defined by taking the inverse limit of the complexes Ck„„s,t{ji) 
(see [m Proposition 1.6.5(3)]). 

Assuming the validity of IMC(iFoo/fc, S', T, p), we then define T.Kao/k,s,T{'n) to be 
the element of detA{CK,,a,s,T{n)) which corresponds to C,K^/k,s,T® 1 under the above 
isomorphism and we denote the image of C,K,^/k,s,Tijk) under the canonical surjection 
detA(CA'^^5^7’(R)) ^ deizp[/\]{CK,s,T{C)) by C,K/k,s,T{C). 
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Then the conjecture of Fukaya-Kato [16], Conjecture 2.3.2] suggests that CK/k,s,T{n) 
is the zeta element for (h°(Spec K){n),7jp[A]), namely, the element which corresponds 
to the leading term 

^K/k,S,Ti'^) — ^k,S,TiX ^ C Cp[A]^ 

xeA 

under the canonical isomorphism 

Cpdetzj,[A](Cx, 5 ,TH) - Cp (g)Q S(h°(Spec JF)(n)) ~ Cp[A], 

where S(/i°(Spec JF)(n)) is the fundamental line for (h°(Spec iC)(n), Q[A]) (see [HI 
(29)]), and the first (resp. second) isomorphism is the p-adic regulator isomorphism 
-dp in [T] p.479] (resp. the regulator isomorphism -doo in P p.529]). 

In a subsequent paper we shall study these subjects thoroughly. In particular, we 
generalize the Rubin-Stark conjecture to the setting of Tate motives h°(Spec iC)(n) 
for an arbitrary integer n (the original Rubin-Stark conjecture being regarded as the 
special case of this conjecture in the case n = 0). 

We also show that the corresponding Rubin-Stark elements for twisted Tate motives 
are generalizations of Soule’s cyclotomic elements and we find that the above con¬ 
jectural property of CK^/k,s,T predicts the existence of precise congruence relations 
between the Rubin-Stark elements for h°(Spec K){n) and h°(Spec K){n') for arbitrary 
integers n and n' which constitute a natural extension of the classical congruences of 
Kummer. 

3.2.3. In the next result we record a useful invariance property of Conjecture 13.11 
In the proof of this result we set 

vGT 

where Fr^ denotes the arithmetic Frobenius in Q of any place w of iCoo that lies above 
V. This element belongs to Q(A)^ since for each y G A and each v E T the image 
1 — FrjC^Nu under the map A A is non-zero. 

Lemma 3.3. The validity of Comecture \3.1\ is independent of the choice ofT. 

Proof. It is enough to consider replacing T by a larger set T'. Set T" := T'\T. Then, 
one hnds that there exists an exact triangle 

Ckoo,s,tCk^,s,t' ^ (Zp«(M^)^)[0] 

{k{w)^ is dehned by the inverse limit) and hence an equality 

detA(Ci:i'^_5,T') = detA(C'i^^^s^7’) Fitt° (ZpK('u;)^) = detA(CA'^^5^T)<5r", 
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where Fitt° denotes the (initial) Fitting ideal (see [25]). 

Given this, it is straightforward to check that an element CK^/k,s,T validates Con¬ 
jecture |3.1| with respect to T if and only if the element 6t" ■ ^K^/k,S,T validates 
Conjecture 13.II with respect to T'. □ 


Following Lemma 13.31 we shall assume in the sequel that T contains two places of 
unequal residue characteristics and hence that each group Ul^s,t is torsion-free. 


3.2.4. For each $ in /\'’^ Homz^[g;^ Conjecture RS(L^,„//c, S', T, 14)p 

implies only that grp) belongs to Zp[Q^^n]- 

By contrast, if Conjecture 13.11 is valid, then the following result shows that the 
elements d)(e^^ /ksr) ^^icode signihcant arithmetic information. 

In this result we write Fitt“ for the a-th Fitting ideal (see j25j). 


Theorem 3.4. Assume that the Iwasawa main conjecture (Conjecture \3.1\) is valid 
for {Koo/k, S,T). Then, for each y G A and each positive integer n, we have 


In particular, Conjecture RS(L^_„//c, S', T, V^)p is valid. 


Vx 


Proof. The explicit dehnition of the elements e^f /k st iiiiplies directly that the 
assertion of Conjecture 13.11 is valid if and only if there is a A-basis CKoa/k,s,T of 
detA(Ci^^^s,r) for which, for every character x ^ ^ and every positive integer n, the 
image of C,Krxy/k,s,T under the map 


detA(C, 


K„^,S,T, 


—det 


I^pIGx 


]iCL 


,S,T) 


‘Lx,n/k,S,T 

6 ) 


C 

x^P 




^,S,T 


is equal to grp. 

Given this equivalence, the claimed result follows directly from Proposition I2.6r iiil 
and the same argument used to prove [9l Theorem 7.5]. □ 


3.2.5. For each character y G A, there is a natural ring homomorphism 

Z,[|e,ll = MGx X ni ^ Zflimxlllrll = A, c Q(A,), 

In the sequel we use this homomorphism to regard Q(A^) as a Zp[[^^]]-algebra. 

In the next result we describe an important connection between the element CKoo/k,s,T 
that is predicted to exist by Conjecture 13. H and the inverse limit (over n) of the Rubin- 
Stark elements st- This result shows, in particular, that the element CK,y„/k,s,T 

in Conjecture 13.11 is unique (if it exists). 

In the sequel we set 
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where the inverse limit is taken with respect to the map 


Pi P 


S,T 


induced by the norm map Ul^ ,^,s,t —^ Ul^ ,^,s,t, where n < m. Note that Rubin-Stark 
elements are norm compatible (see m Proposition 6.1] or [2S1 Proposition 3.5]), so 
if we know that Conjecture RS{L^^n/k, S,T,V^)p is valid for all sufficiently large n, 
then we can define the element 



,S,T- 


Theorem 3.5. 

(i) For each y G A, the homomorphism 


detA(Ci^^,5,r)-t detzp[g,,,„](CL,,,„,s,r) 

(see Proposition R. bV iii)) induces an isomorphism of Q{A^)-modules 

rx 

'^Ll,^/k,S,T ■ detA(Ci^„e,5,T) Qi^x) - (P ^^x.ocS.t) <^Zp[[Qx]] Qi^x)' 

(ii) If Conjecture IRil is valid, then we have 

^Lx,<yo/k,S,T(^Koc,/k,S,T) = ^ /k,S,T- 

(Note that in this case Conjecture RS{Ly.^n/k, S,T,\(f)p is valid for all n by 
Theorem \3^ ) 

Proof. Since the module A'g{Koo) <8 a vanishes, there are canonical isomor¬ 

phisms 


(1) detA(CA'^,5,T) C)A Q(Ax) 

— detQ(A,,)(CA'<^,5,T Q(Ax)) 

- detQ(A,,)(t/A'<^,s,r <8 a Qi^x)) ®QAx) detQ(A^)(T^f^_5 (8 )a Q(A^))- 

It is also easy to check that there are natural isomorphisms 

Uk,^,s,t <H)a Q(Ax) - Ul,,^^,s,t ^M[Gx\] Qi^x) 


^Koo,S Q(Ax) - A’Lx.ocS ’^MlGx]] Qi^x) - yLx.ooyx ^M[5x\] Qi^x)y 
and that these are (5(A^)-vector spaces of dimension r := 'r^(= ffVyf). The isomor¬ 
phism ([1]) is therefore a canonical isomorphism of the form 

r r 

detA(CK^,s,T) C)A Q(Ax) - (/\ ® f\^ipUg^]] Qi^x)- 
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Composing this isomorphism with the map induced by the non-canonical isomorphism 

r 

/\^Lx,<=o,Vx ^ A • • • A -u;* I-A 1, 

we have 

r 

det a{Ck^^s,t) <H)a Qi^x) - i/\ Ul^,^,s,t) ®zA[Gx]] Qi^x)- 

As in the proofs of Proposition I2.6f iiii and of 0 Lemma 4.3], this isomorphism is 
induced by /k st- the isomorphism in claim (i) is thus obtained directly 

from Lemma [3.61 below. 

Claim (ii) follows by noting that the image of CK^/k,s,T under the map 


^ X 

detA(C'x„,,s,T) ^ 


,S,T 


is equal to e 


^4. 

L^,n/k,S,T 


(see the proof of Theorem 13.4p . 


□ 


Lemma 3.6. With notation as above, there is a canonical identification 


(fl ^^x.oo,s,t) <8zp[[gx]] Qi^x) - (A^^x,oc,5,t) ®'lA[Gx]\ Q(^x)- 


Proof. Take a representative of 


Hoc 


Lloo 


as in 1|231 Put n„ := Lloo ZplQ^^n]- We have 

r r r 

Pi Ul,,,„,S,T = (Qp A n a hln 

(see Proposition 12.6lf iP and so hm f)L 5 r can be regarded as a submodule 

of the free Zp[[^^]]-module 

r r 

1^ Ahln = A^oo- 

n 

For simplicity, we set 

• Gn ■ Qx.nt 

• G := g^, 

• Un := 

• Uoo ■= 

• Q:= Q{Ax)- 
We show the equality 

r r r 

(( l^iui Qp A Gn) n A hloo ) ® Zp [[ G ]] Q = (A ^° o ) ® Zp [[ G ]] Q 

n 

of the submodules of {/\'' Lloo) ®Zp[[G]] Q- 
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It is easy to see that 

r r r 

(/\ Uoo) ®Zp[[G]] Q C ((l^Qp /\Un)^ /\ Hoo) <H)Zp[[G]] Q- 

n 

Conversely, take a G Qp /\^ Un) H /\’' Hoo and set 

Mn := coker(f4 -> n„). 


Then we have 

l^Mn ~ coker(f/oo -)■ Hoo) =: Moo- 

n 

Since 

Hoo ^Zp[[G]] Q — {Uoo C)Zp[[G]] Q) © (^oo ©Zp[[G]] Q), 

we have the decomposition 

r r r—i i 

(/\ n^) ^Zp[[G]] Q - 0(A Moo) ©Zp[[G]] Q- 

i=Q 


Write 

r r—i i 

a = {ai)i e ® A ®^p[[G']] Q- 

i=0 

It is sufficient to show that a* = 0 for alH > 0. We may assume that 

r—i i r—i i 

tti e im( A Coo © A {/\Uoo® /\ Moo) ©Zp[[G]] Q) 

for every i. Since a G /y^IIoo, we can also write 


r 

a = {a^n))n e A^^- 

n 

For each n, we have a decomposition 

r r r—z z 

Qp /\^n — 0(Qp A ®Qp[Gn] Qp A 

i=0 


®(n) (0(n),i)i ^ (J)(Qp Ci ©Qp[Gn] Qp f\ Mn)- 

i=0 


and we write 
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Since a G Qp Un, we must have a(^n),i = 0 for all i > 0. To prove a* = 0 for all 
i > 0, It is sufficient to show that the natural map 

r—i i r—i i 

(2) im(/\ t/oo ® /\ Moo ^ (/\ t/oo «) /\ Moo) ^z,iiG]] Q) 

r—i i 

l^(Qp /\ Un ®Qp[G„] Qp /\ Mn) 

n 

is injective. Note that M^o is isomorphic to a submodule of IIoo, since Moo — 
ker(noo —)■ Hence both Uoo and Moo are embedded in Hoo, and we 

have 


r—i i r—i i 

keT{/\ t/oo (8 /\ Moo -t (/\ l/oo <8 /\ Moo) ^Zp[[G]] Q) 

r—i i r 

= keT{/\ Hoo 0 /\ Moo (/\(noo © Hoo)) ©Zp[[G]] A^). 

Set „ := Zp[imx][r^,„]. The commutative diagram 


0 


(A (Hoo © Hoo)) ©Zp[[G]] Ajj, 
/ 


QpiiK * © A* M„) ©Zp[G„] K,n) Qp((AAnn © n,,)) ©Zp[G„] A;^,„) 

and the injectivity of / and g implies ker a = ker 13. Hence we have 

r—i i r—i i 

keT{/\ Hoo © /\ Moo ^ (/\ Hoo © /\ Moo) ©Zp[[G]] Q) 

= ker« 


= ker/3. 

This shows the injectivity of ([2]). □ 

By Theorem 13.51 we can formulate the following conjecture, which is equivalent to 
Conjecture 13.11 under the assumption that Conjecture RS{L^^n/k, S,T,V^)p is valid 
for all X G A and n. 

Conjecture 3.7. Assume that Conjecture RS{Ly^^n/k, S,T, Vy3)p is valid for all x ^ ^ 
and n. Define CK^/k,s,T e det a(C i^-^^s^T) ©a Q(A) by 

k3K^/k,S,T ■= (^A’^/fc,S,r(^Lx,oo/fc,S,T))x 

^ ^ (detA(C^f^^s,r) ©a Qi^x)) 

XGA/~Qp 

= detA(CA',^, 5 ,T) ©A Q(A). 
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Then, we have 


^ ■ ^K^/k,s,T - detA(Ci^^,5,r)- 


3.3. Iwasawa main conjecture II. In this section we reinterpret Conjecture 13. II in 
terms of the existence of suitable Iwasawa-theoretic measures. 

To do this we assume to be given, for each x in A/^q^, a homomorphism of 
Zp[[^^]]-modules 

^x 

Tx • /\^Lx,oo,S 

for which ker(<p^) is a torsion Zp[[^^]]-module. The Rubin-Stark Conjecture implies 
the existence of a canonical such homomorphism (p^. Indeed, if we assume Conjecture 
RS{L^^n/k, S, T, V^)p for all n, then we can dehne a homomorphism 


^x ^x ^x 

A '^^x.co,S A n ^W,oo,S,T, 


where the hrst map is the natural surjection, and the second is given by 

Wl A • • • A Wr,^ !-)■ 

Using Lemma [3.61 one sees that the kernel of this homomorphism is torsion, and that 
this homomorphism is canonical. For each character xjj ^ Qy, this homomorphism 
induces, upon taking coinvariance, a homomorphism of Zp[G^]-modules 

^x '■x 

T(ij) ■ A n 


Consider the endomorphism 


e-pCp f\UL,p,s,T e^Cp 


We denote the determinant of this endomorphism by Cp{'ip). 

In addition, since each A-moduIe ker((p^) is torsion, the collection p = {py)y com¬ 
bines with the canonical isomorphisms ([T]) and the result of Lemma 13.61 to give a 
composite isomorphism of Q(A)-modules 


: detA(CA'^^5^T) C)a Q(A) ~ Q(A). 

For each -0 in ^ we write for the kernel of the ring homomorphism : A —)■ Cp. 
This is a height one prime ideal of A and for any element A of the localization Aq^ 
there exists a non-zero divisor A' of A for which both A'A G A and ^ 0. In 

particular, in any such case the value of the quotient '?/’(A'A)/'0(A') is independent of 
the choice of A' and will be denoted in the sequel hy ftp dA. 
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Conjecture 3.8. For any collection (p = {<Px)x above there exists a A-hasis G 
(5(A) of jJi^p{det\{CK•^^s,T)) such that for every x ^ and every iIj & Qx 

which both r^^s = I’x 7^ 0 one has G Aq^ and 

(3) J^pdX^ = C^{^l^)■L^^f,]^{^l^-\0). 

Proposition 3.9. Conjecture \3.1\ is equivalent to Conjecture \3.S\ 

Proof. Fix a A-basis £ of detA((Fx°o,s,T)- Then it is enough to prove that this el¬ 
ement satishes the interpolation conditions of Conjecture 13.11 if and only if for any 
choice of data tp as above, the element X^p := belongs to Aq^ and satishes the 

interpolation property ([ 3 ]). 

Set r := r^ and V := Then it is enough for us to hx a character fj ^ Qx for 
which 5 = r and to show both that there exists a homomorphism ip^ for which the 
map 

r r 

6-0 Cp ^4' e^Cp/\U l^,s,t 

is injective (and hence Cpi'ip) 7 ^ 0 ) and also that for any such (p^ there exists a 
commutative diagram of the form 

detA((CA'°o,5,r) AiCK^,s,T)) 

xi—>• f ^l)dx 
Cp. 

Set q := q^. Then, since q is a height one prime ideal of A which does not contain 
p the localization Aq is a discrete valuation ring. In addition, fj induces isomorphisms 
A/q ~ 7jp[iimjj] and Aq/qAq ~ Qpifj) ■= Qp(im'0) and, if for each Zp[(7^]-module M 
we set := e^(Qp('0) M), then we have an isomorphism of Qp('0)-vector spaces 

(5) hf^(Ci^,„e,s,T)q/qAq = Qp ( 8 )Zp Tf^(CLx.oc,s,r)/q - H^{CL^,s,T)i> 

Here the second equality follows from the exact sequence 

(6) 0 -)■ A^{Lx,co) ‘^L^,oo,s -t 0 

and the third from the assumption 5 = r. 

Since is a free Aq-module there is a direct sum decomposition ~ 

^L^,oo,s\v,q®yL^,^,v,q- Thus, since the composite isomorphism ([5]) factors through the 
map TT in (j 6 ]), the module ^, 5 \yq/qAq vanishes, and hence also (by Nakayama’s 
Lemma) the module vanishes. 


(4) 


C. 
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The Aq-module is therefore free of rank r and, given this, the 

q-localisation of the tantological exact sequence 

0 —)■ Ul^^^,S,T Ifoo —)■ IIoo —t 0 

implies UL^^^,s,T,q is also a free A^-module of rank r. In particular, since the Aq- 
modules and UL^^^s,T,q are isomorphic we may choose a homomorphism of 

A-modules ip'^ : with the property that ker(<p^)q vanishes. It is 

then easily checked that the r-th exterior power of induces a homomorphism of 
the required sort for which the induced map 

r r 

e^Cp f\/\ Ul^,s,t 


is injective. 

To prove the existence of a commutative diagram (|1]) we note hrst that, since 
the Aq-module XL^^^,s,q = yLx,oo,v,q is free, the exact sequence (jh]) splits and so the 
isomorphism (|5]) combines with Nakayama’s Lemma to imply A'^{L^^oo)q vanishes. It 
follows that = UL^^^^s,T,q and LfHfr'Lx,oo,s,T)q = ^L^,oo,s,q are both free 

Aq-modules of rank r. This gives a canonical isomorphism of Aq-modules 


detA{CK-^^S,T)q - {/\UL^^^,S,T,q) (/\ A’L,,,oo,S,q)' 


An 


and by combining this isomorphism with the natural projection map 

r r r r 

(A^^x.oc,5,T,q) 0A, (A'^r^x.ooAq)* ( A 

Aq Aq Qp('0) Qp(i/j) 


we obtain the horizontal arrow in the following diagram. 





xCipi^i)) 


O2 
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Here 6*i and 62 are the maps induced by and \l^,s and the respective eval¬ 
uation maps. The commutativity of the right hand triangle is then clear and the 
commutativity of the two remaining triangles follows by an explicit comparison of 
the dehnitions of the maps involved. Since the whole diagram commutes this then 
gives a commutative diagram of the form (jl)), as required. □ 


3.4. Iwasawa main conjecture III. In this subsection, we work under the following 
simplifying assumptions: 


p is odd, 

for every x G A, 1^ contains no hnite places. 


We note that the second assumption here is satished whenever koo/k is the cyclotomic 
Zp-extension. 


3.4.1. We start by quickly reviewing some basic facts concerning the height one 
prime ideals of A. 

We say that a height one prime ideal p of A is ‘regular’ (resp. ‘singular’) if one has 
p ^ p (resp. p G p). We will often abbreviate ‘height one regular (resp. singular) 
prime ideal’ to ‘regular (resp. singular) prime’. 

Ifp is regular, then Ap is identihed with the localization of A[l/p] at pA[l/p]. Since 
we have the decomposition 


(7) 



0 

xga/~Qp 


1 

p 


we see that Ap is equal to the localization of some A^[l/p] at pA^[l/p]. This shows 
that Q(Ap) = Q(A^). This x ^ is uniquely determined by p, so we denote it 

by xp- Since A^[l/p] is a regular local ring, we also see that Ap is a one-dimensional 
regular local ring i.e. discrete valuation ring. 

Next, suppose that p is a singular prime. We have the decomposition 


A= 0 Zp[imx][Ap][[r]], 

xeA7~Qp 

where Ap is the Sylow p-subgroup of A, and A' is the unique subgroup of A which is 
isomorphic to A/Ap. From this, we see that Ap is identihed with the localization of 
some Zp[imx][Ap][[r]] at pZp[imx][Ap][[r]]. By [SI Lemma 6.2(i)], we have 

pZp[imx][Ap][[r]] = (y^pZp[imx][Ap]), 

where we denote the radical of an ideal / by \/7. This shows that there is a one-to-one 
correspondence between the set of all singular primes of A and the set A'/^q^. We 
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denote by Xv ^ ^V~Qp character corresponding to p. The next lemma shows 
that 

Qi\) = ^ Qi^x)- 

X6A/~Qj,,xIa'=Xp 

Lemma 3.10. Let E/Qp be a finite unramified extension, and O he its ring of inte¬ 
gers. Let P be a finite abelian group whose order is a power of p. Put A := C>[P][[r]] 
and p := ^p0[P]A. (p is the unigue singular prime of A.) Then we have 

Q(Ap)=Q(A)= 0 Q(0|imx]||r|]). 

X&PpE 

Proof. Note that p is not a zero divisor of A, so we have 

Q(Ap) = g ( Ap ' ^ 


p 


We have the decomposition 


A„ 


T 

IP. 


Ci^Ap 


where := 


CxAp 


X&PpE 

x'~bx^x'- ^xW^Ip] ^ domain. Therefore 

we have 

Q(Ap[i])= © 0 

X&PpE 

For X e P/~E, pnt := ker(A 4 C>[imx][[r]]). Note that x/pO[P] = (p,/o(P)), 
where Io{P) is the kernel of the angmentation map 0[P] O. This can be shown 
as follows. Note that any prime ideal of 0/pO[P] is the kernel of some surjection 
/ : 0/pO[P] —)■ R with some hnite domain R. It is well-known that every hnite 
domain is a held, so we must have R ~ OfpO, and / is the augmentation map 
O/pO[P] —)■ OjpO ~ R. This shows that ker / is the unique prime ideal of OlpO\P\. 
Hence we have ^/pO[P] = (p,/o(P)). From this, we also see that 

^,/pO[P] = ker(0[P] 4 0[mix\ 0[imx]/7r^C>[inix] ~ OjpO) 

holds for any x ^ P/^e^ where tt^ G 0[imx] is a uniformizer. This shows that 
C p. Hence, we know that Aq^ is the localization of Ap[l/p] at q^Ap[l/p]. One 
can check that Aq^ = Q{ey^Ap[l/p\). Since we have Aq^ = g((T[imx][[F]]), the lemma 
follows. □ 

For a height one prime ideal p of A, dehne a subset Tp C A/ by 

{Xp} if p is regular. 


Tp := 


{x e I X |a'= Ap} if P is singular. 
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The above argument shows that 

^ Qi^x)- 

XGTp 

To end this section we recall a useful result concerning /i-invariants. 

Lemma 3.11. Let M he a finitely generated torsion A-module. Let p be a singular 
prime of A. Then the following are eguivalent: 

(i) The ii-invariant of the'Lp\firf\-module vanishes. 

(ii) For any x ^ the ^.-invariant of the Zp[imx][[T]]-module M (8)Zp[A'] ^p[inix] 
vanishes. 

(iii) Mp = 0. 

Proof. See m Lemma 5.6]. □ 


3.4.2. In the rest of this subsection we assume the condition (*). 


Lemma 3.12. Let p be a singular prime of A. Then is independent of x ^ Tl'p- 
In particular, for any x ^ "^p; the Q{Ap)-module Uk^,s,t <H)a Q(Ap) is free of rank r^. 


Proof. It is sufficient to show that for any y G Tp. Note that the extension 

degree [L^^oo ■ -^xp,oo] ~ [-^x • -^xp] ^ power of p. Since p is odd by the assumption 
(*), we see that an infinite place of k which splits completely in L^^^^o also splits 
completely in L^^oo- By the assumption (*), we know every places in is infinite. 
Hence we have □ 


The above result motivates us, for any height one prime ideal p of A, to define 
Vp := and rp ■= r^ by choosing some y G Tp. 

Assume that Conjecture RS(L^^„/fc, S,T, V^)p holds for all y G A and n. We then 
dehne the ‘p-part’ of the Rubin-Stark element 

^\oo/k,S,T ^ (A ^Koo,s,t) <H)a Q(Ap) 

as the image of 

(A^,^/fc,s,T)x6Tp G 0 n^W,oo,s,T 

XGTp 

under the natural map 


^•p 


rp 


rp 


0 

XGTp 


,S,T 


-)■ 


XGTp 


Q{^x) - (A ^^oo,s,r) Q(Ap 


(see Lemma ESI) 

We can now formulate a much more explicit main conjecture. 
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Conjecture 3.13. If condition (*) is valid, then for every height one prime ideal p 
of A there is an equality 

Remark 3.14. At every height one prime ideal p there is an eqnality 

= FittJ(i/'(Cpf„.s,T))p. 

Ifp is regular, then Ap is a discrete valuation ring and this equality follows directly 
from the exact sequence 

0 ^ H^{Ck^,s,t) -t Xk^,s 0 . 

If p is singular, then the equality is valid since the result of Lemma 13.111 implies 
('^ 7 foo, 5 \Vp)p vanishes and so H^{Ck„^,s,t)p is isomorphic to the direct sum A^(A'oo)p® 
(3^i^ocyp)p- 

Conjecture 13.131 is thus valid if and only if for every height one prime p one has 
■ ^Koo/k,S,T = Fit^A (^^(C7 ^oo,S,t)) ■ (/\^Va'^,5,t)p- 

Remark 3.15. If the prime p is singular, then (A’x^_ 5 \Vp)p vanishes and one has 
Fitt° (Ag(iCoo))p = Ap if and only if the p-invariant of the Zp[[r]]-module e^^A^{Koo) 
vanishes (see Lemma 13.111) . Thus, for any such p Conjecture 13.131 implies that the 
invariant of vanishes if and only if one has 

(^) ■ ^^K^/k,S,T ^ (Aa ^^^oo,S,r)p- 

In a similar way, one hnds that the vanishing of the p-invariant of implies 

that Conjecture 13.131 for p is itself equivalent to the equality (IH]). 

Remark 3.16. For every height one prime ideal p of A, put s '^K^jk st- 

Then Lemma [T3] implies that the equality of Conjecture 13.131 is valid at p if and only 
if one has 

Ap ■ = Fitty/ls(if„)) Fitt» ■ (AA/f».s)p- 

3.4.3. Before comparing Conjecture 13.131 to the more general Conjecture 13. II we show 
that the assumed validity of the p-part of the Rubin-Stark conjecture already gives 
strong evidence in favour of Conjecture 13.131 

We note, in particular, that if p is a singular prime of A (and an appropriate p- 
invariant vanishes), then the inclusion proved in the following result constitutes ‘one 
half’ of the equality ([8]) that is equivalent in this case to Conjecture 13.131 

Proposition 3.17. Let p be a height one prime ideal of A. When p is singular, 
assume that the pi-invariant of e^^Wf^Koo) (as Zp[[F]]-mod«/ej vanishes. Then the 
following claims are valid. 

(i) The Ap-module {Uk^,s,t)p is free of rank r^. 
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(ii) If Conjecture RS{Ly^^n/k, S, T, Vyf)p is valid for every x in A and every natural 
number n, then there is an inclusion 

■ ^'K^/k,S,T (Aa ^K^,S,t)p- 

Proof. As in the proof of Lemma [321 we choose a representative of Ck^,s,t 

n ^ n 

We have the exact sequence 

(9) 0 —)■ Uk^,s,t —t floo ^ Ifoo H^{Ck^,s,t) —t 0. 

Ifp is regular, then Ap is a discrete valuation ring and the exact sequence (E]) implies 
that the Ap-modules {Uk^,s,t)p and im('0oo)p are free. Since Uk^,s,t Q{^p) is 
isomorphic to yK^,Vp Q(Ap), we also know that the rank of {Uk^,s,t)p is rp. 

Suppose next that p is singular. Since the p-invariant of e^pI^K^,s\Vp vanishes, 
we apply Lemma [3.11! to deduce that {Xk^,s)p = iyK^yp)p- la a similar way, the 
assumption that the p-invariant of e^^Ag^Koo) vanishes implies that A^(JLoo)p = 0 . 
Hence we have H^{Ck^^s,t)p = (3^Aoo,Vp)p- By assumption (*), we know that yKoo,Vp 
is projective as A-module. This implies that H^{Ck^^s,t)p = (A’aoo,Vp)p is a free Ap- 
module of rank rp. By choosing splittings of the sequence (jl]), we then easily deduce 
that the Ap-modules {Uk^,s,t)p and im(-^oo)p are free and that the rank of {Uk.^,s,t)p 
is equal to rp. 

At this stage we have proved that, for any height one prime ideal p of A, the Ap- 
module {Uk^,s,t)p is both free of rank rp (as required to prove claim (i)) and also a 
direct summand of (Hoojp, and hence that 

(10) {f\''^UK^^sy)p = i/\^UK^^s,T Q(Ap)) n (yA^^'’noo)p. 

Now we make the stated assumption concerning the validity of the p-part of the 
Rubin-Stark conjecture. This implies, by the proof of Theorem I3.5f ij. that for each 
p the element B^s in both (/y^’Hoojp and 

^ Q(^x) = {f\lUK^,s,T) Q(Ap), 

XGTp 

and hence, by fiTOj) that it belongs to (Aa ^a'oo,s,t)p, as required to prove claim (ii). □ 

In the next result we compare Conjecture l3.13l to the more general Conjecture 13.11 

Proposition 3.18. Assume that Conjecture RS(L^^„//c, S,T, Vyf)p holds for all char¬ 
acters X in A and all sufficiently large n and that for each character x in A'/ 
the fi-invariant of the 'Zp[[T]]-module e^Ag(JLoo) vanishes. Then Conjectures VJ. 1\ and 
\3.13[ are equivalent. 
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Proof. Since detA(C;^^_ 5 ^r) is an invertible A-module the equality A • CK^/k,s,T = 
detA(CA:;,o_ 5 ^r) in Conjecture 13. II is valid if and only if at every height one prime ideal 
p of A one has 

(11) Ap ■ £xoo/fc,5,r = detA(CA:^,5,r)p 

(see [SI Lemma 6.1]). 

If p is regular, then one easily sees that this equality is valid if and only if the 
equality 

■ ^Xoc/fc,s,r = Fillv • (/\^ f^i^oc,s,T)p 

is valid, by using Theorem I3.5f ii). 

If p is singular, then the assumption of vanishing p-invariants and the argument in 
the proof of Proposition l3.l7I iI shows that the Ap-modules {Uk^,s,t)p and H^{Ck^,s,t)p 
are both free of rank rp. Noting this, we see that flTT|) holds if and only if one has 

^p ■ ^^oo/fc,s,r ^ (Aa 

and so in this case the claimed result follows from Remark 13.151 □ 


3.4.4. In our earlier paper [9] we defined canonical Selmer modules Ss,T{,^m/F) and 
for Gm over number helds F that are of hnite degree over Q. For any 
intermediate held L of Koo/k, we now set 

‘5p,S,r(Gm/L) := ltmcSg,T(Gm/F) G Zp, •= l,im5^V(Gm/F) G ^p 

F ’ ' F ' 


where in both limits F runs over all hnite extensions of /c in L and the transition 
morphisms are the natural corestriction maps. 

We note in particular that, by its very dehnition, coincides with 

H^{Cl,s,t)- fa addition, this dehnition implies that for any subset R of S' comprising 
places that split completely in L the kernel of the natural (composite) projection map 

'^p]s,Ti^rn/L)v ■= ker(iSp (5 ^.(Gm/L) “^ ^L,S yL,v) 
lies in a canonical exact sequence of the form 

(12) 0 —>■ A^(L) —)■ jn(Gm,/L)v ^L,S\V 0. 

We now interpret our Iwasawa main conjecture in terms of characteristic ideals. 

Conjecture 3.19. Assume Conjecture RS(L^^„/fc, S', T, Vyf}p holds for all x ^ ^ o,nd 
all non-negative integers n. Then for any x G A there are egualities 


(13) charA,^((|Af^i 


,S,T 


/(A: 


Pk,S,T 




(G 


m/L^ 




= chax^J^Al (Ax,oo)^)charA,,( ,5\vJ^) ■ 
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Here, for any M we write for the A^-module M <S)Zp[G,,] 

and charA^(M^) for its characteristic ideal in A^. In addition, the second displayed 

equality is a direct consequence of the appropriate case of the exact sequence m. 

Proposition 3.20. Assume that Conjecture RS(L^^„/fc, S', T, i/^)p is valid for all 
characters x A and all sufficiently large natural numbers n and that for each char¬ 
acter x ^ fi-invariant of the 1>p[[T]]-module e^Af^Kao) vanishes. Then 

Conjectures \3.1\ is equivalent to Conjecture \3.1[A 

Proof. Note that by our assumption /i = 0 we have (n^'’^i^oo,s,T)p = (A^'’^^oo,s,t)p 
for any height one prime p, using ffTOj) . Therefore, Conjecture [3T3] implies the equality 
(IT^ for any x- 

On the other hand, for a height one regular prime p, we can regard p to be a prime 
of for some y, so the equality flTSD implies the equality in Conjecture 13.131 For a 
singular prime p, by LemmaEZIl (USD for any y implies {K''Ukoo,s,t)p/{(^K^/ k,s,T) = 
0, thus Coniecture 13■131 

The proposition therefore follows from Proposition 13.181 □ 

3.5. The case of CM-fields. In this section, we use the following strengthening of 
the condition (*) used above. 

{ p is odd, 

k is totally real and K is either totally real or a CM-£eld, 
koo/k is the cyclotomic Zp-extension. 

Under this hypothesis Iwasawa has conjectured that for every y G A'/~Qp the 
p-invariant of the Zp[[r]]-module e^A^^Koo) vanishes and, if this is true, then Propo¬ 
sition EUS] implies that the Conjectures 13.11 and 13.131 are equivalent. 

In addition, in this case we can use the main results of Wiles [SB] and of Biiyiikboduk 
in [in to give the following concrete evidence in support of these conjectures. 

In the following we denote Soo{k) and Sp{k) simply by Soo and Sp respectively. 

Theorem 3.21. Assume the condition (**). 

(i) If K is a CM-field and the p.-invariant of K^o/K vanishes, then the minus 
part of Coniecture \3.1\ is valid for {Koo/k, S, T). 

(ii) Suppose that y is an even character. Then the equality of Conjecture \3.iy\ is 
valid for y whenever all of the following conditions are satisfied: 

(a) all V E Sp are unramified in L^, 

(b) k/Q is unramified at p, 

(c) every v E S \ Soo satisfies x{Gy) 7 ^ 1, 

(d) the order of y is prime to p, 

(e) with T chosen as in [TOl Remark 3.1], the Rubin-Stark conjecture holds 
for {F/k, S,T, Soo) for all F in the set K. of finite abelian extensions of k 
that is defined in (TUI §3] (where our corresponds to the field L), 
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(f) the Leopoldt conjecture holds for for all positive integer n. 

3.5.1. We obtain Theorem I3.2in i as a straightforward consequence of the main 
conjecture proved by Wiles [36]. In fact, for an odd character y, one has r^ = 0 
and the Rubin-Stark elements are Stickelberger elements. Therefore, /k 
p-adic L-function of Deligne-Ribet. 

We shall prove the equality flT^ in Conjecture 13.191 for each odd y G A. We £x 
such a character y, and may take K = and S = Soo{k) U SramiKoo/k) USp{k). Let 
S'p be the set of p-adic primes which split completely in iC. If n G S' \ 1^ is prime to 
p, it is ramihed in = K, so we have ^ s\v^'^ ~ oo 5 ')’ 

A'^{L^^oo) be the inverse limit of the p-component of the T-ray class group of the full 
integer ring of By sending the prime w above v in Sp to the class of w, we obtain 
a homomorphism yf ^ g, —> , which is known to be injective. Since the 

sequence 

is exact and the kernel of yf o —)■ yf o, is hnite, we have 

^X,CX3i<5 L/^^oo^Op ’ 

chaTA^{A'^{L^^^)^)chaTA^{{yL^^^^sY) = chaTA^{A'^{L^^oc)^). 

Therefore, by noting y 7 ^ 1, the equality (IT^ in Conjecture 13.191 becomes 

char(A (L^^oo)^) = 

where 6f i® y-component of e® ^/kST’’ which is the Stickelberger ele¬ 

ment in this case. The above equality is nothing but the usual main conjecture proved 
by Wiles [36], so we have proved (i). 


3.5.2. We now derive Theorem 13. 21f iij from the main result of Biiyiikboduk in jlOj . 
To do this we assume condition (**) and (without loss of generality) that K is totally 
real. 

Set r := [A; : Q] = ffSoo- Since K is totally real, one has = S^o and = r. By 
our assumptions (c) and (d), the y-component of vanishes. Therefore, the 

equality flT^ becomes 


charA,^((p|f/i 




/( 4 ! 


o/k,S,T 


)Y) = chaTA^{Al{L^^^Y). 


Since K is totally real and p is odd, we may assume that T is empty. Note that, 
since L^^oo/Lx cyclotomic Zp-extension, the weak Leopoldt conjecture holds, 

and we have the canonical exact sequence 

(14) 0 -)■ Gal(M/L^_oo) ^ A{L^^oo) -t 0, 

where ^ is the semi-local unit of 00 at p, and M is the maximal abelian 
p-extension of 00 unramihed outside p. By our assumptions (c) and (d) again. 
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s ~ ^^xoo ~ ^s(-^x>oo)^- Therefore, what we have to prove is 

= charAjGaKM/L,,,^)*). 

This is nothing but HDl Theorem A]. Note that all of the hypotheses (a)-(f) occur 
as assumptions in the latter result. Indeed, (a) and (b) are (Al) and (A2) in [10] 
respectively, (c) is (A3) and the assumption on S in [10], and (d)-(f) are assumed in 
his main result. This completes the proof of Theorem 13. 21lf iib 

3.6. Consequences for number fields of finite degree. In this subsection we 
assume the condition (**) stated at the beginning of 1 13.51 and also that A' is a CM- 
held of hnite degree over Q. We shall describe unconditional results for K which 
follow the validity of Theorem I3.21f i). 

To do this we set A := Zp[[Gal(A'oo/^)]] and for any A-module M we denote by 
M~ the minus part consisting of elements on which the complex conjugation acts as 
—1 (namely, M~ = e~M). We note, in particular, that 6*Xoo/fc,5,T(0) belongs to A“. 

We also write a; i—)■ for the Zp-linear involutions of both A and the group rings 
Zp[G] for hnite quotients G of Gal(A'oo//c) which is induced by inverting elements of 
Ga\{K^/k). 

Corollary 3.22. If the p-adic p-invariant of K^o/K vanishes, then one has 
FittA-{Sp srp[G^/K^)~) = A ■ 6K„^/k,s,T{0) 

and 

FittA-(5p,5,r(Gm/Xoo)~) = ^ ■ ^Aoo/fc,5,T(0)^. 

Proof. Since one has = 0 for any odd character y, the hrst displayed equality is 
equivalent to Conjecture 13.11 in this case and is therefore valid as a consequence of 
Theorem 13.211 

The second displayed equality is then obtained directly by applying the general 
result of 0 Lemma 2.8] to the hrst equality. □ 

Corollary 3.23. Let L he an intermediate CM-field of K^o/k which is finite over k, 
and set G := Gal{L/k). If the p-adic p-invariant of Koo/K vanishes, then there are 
equalities 

Fiftzp[G]-(‘5p(5^r(^m/^) ) ^ ’^p[G] ■ 6*L/fc,5,r(0) 

and 

Fitt^pfG]-(>5p^5_T(*Gm/L) ) = Zp[G] ■ 0 L/A;,S,t(O)’^. 

Proof. This follows by combining Corollary 13.221 with the general result of Lemma 
13.241 below and standard properties of Fitting ideals. □ 

Lemma 3.24. Suppose that L/k is a Galois extension of finite number fields with 
Galois group G. Then there are natural isomorphisms 

S%A(^m/L)G A SXA^^m/k) 
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and 

Ss,T{^m/L)G <Ss,T{^m/k)- 

Proof. The ‘Weil-etale cohomology complex’ i?rr((C>L,s)w) is perfect and so 
there exist projective Z[G]-modules Pi and P 2 , and a homomorphism of G-modules 
Pi —)■ P 2 whose cokernel identifies with and is such that the cokernel of 

the induced map Pf^ —?■ P 2 identihes with (see m §5.4]). 

The first isomorphism is then obtained by noting that the norm map induces an 
isomorphism of modules (P 2 )g ^ P 2 ■ 

The second claimed isomorphism can also be obtained in a similar way, noting 
that Ss,T{^m/L) is obtained as the cohomology in the highest (non-zero) degree of a 
perfect complex (see [9l Proposition 2.4]). □ 

We write Ol for the ring of integers of L and Cl^(L) for the ray class group of Ol 
with modulus We denote the Sylow p-subgroup of CF(L) by A^{L) and 

write for the Pontrjagin dual of the minus part of A^Y). 

The next corollary of Theorem I3.21f ij that we record coincides with one of the 
main results of Greither and Popescu in [T8] . 

Corollary 3.25. Let L be an intermediate CM-field of Koo/k which is finite over k, 
and set G := Gal(L//c). If the p-adic p-invariant for K^o/K vanishes, then one has 

6'i,/fc,5,T(0)^ e Fittzp[G]-{{A^{L) )^)- 

Proof. The canonical exact sequence 

0 —)■ Gl'^(L)^ —)■ >S 5 ^(fc)^T(Gm/i,) —)■ Hom((P^,Z) —)■ 0 

from [9l Proposition 2.2] implies that the natural map 

Sp,S^^k)A^m/L)- ^ {A^{L)-y 

is bijective. 

In addition, from [HI Proposition 2.4(ii)], we know that the canonical homomor¬ 
phism 

SsAGim/L) —^ Ss^{k),T{Gim/L) 

is surjective. 

The stated claim therefore follows directly from the second equality in Gorollary 

Km □ 

Remark 3.26. 

(i) Our derivation of the equality in Gorollary 13.251 differs from that given in [18] in 
that we avoid any use of the Galois modules related to 1-motives that are constructed 
in loc. cit. 

(ii) The Brumer-Stark conjecture predicts 6*L/fc,5,.,,n,(L/fc),T(0) belongs to the annihilator 
Ann^p[G]-(y4^(L)) and if no p-adic place of L~^ splits in L, then Gorollary 13.251 implies 
a stronger version of this conjecture. 
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We have assumed throughout §3] that the set S contains all p-adic places of k 
and so the Stickelberger element ^L/fc,5,T(0) in Corollary 13.251 can be imprimitive. In 
particular, if any p-adic prime of k splits completely in L, then 9L/k,s,T{0) vanishes 
and the assertion of Corollary 13.251 is trivially valid. 

However, by applying Corollary II. 21 in this context, we can now prove the following 
non-trivial result. 

Corollary 3.27. Let L be an intermediate CM-field of Koo/k which is finite over k, 
and set G := Gal{L/k). If the p-adic p-invariant for K^o/K vanishes and at most 
one p-adic place of k splits in LfL'^, then one has 

9L/k,s,^^{L/k),T{fi) e FittzpiG]-{{A'^{L)~y)- 

Proof. This follows immediately by combining [9l Corollary 1.14] with Corollary 11.21 

□ 


4. IWASAWA-THEORETIC RUBIN-StARK CONGRUENCES 

In this section, we formulate an Iwasawa-theoretic version of the conjecture pro¬ 
posed by Mazur and Rubin [21] and by the third author [2B] (see also [HI Conjecture 
5.4]). This conjecture is a natural generalization of the Gross-Stark conjecture [TH] . 
and plays a key role in the descent argument that we present in the next section. 

We use the notation as in the previous section. 

4.1. Statement of the congruences. We hrst recall the formulation of the conjec¬ 
ture of Mazur and Rubin and of the third author. 

Take a character y G Take a proper subset R' C S' so that all v E V splits 
completely in (i.e. xiCtfij = 1) and that \fi. C V'. Put r' := ffiV'. We recall 
the formulation of the conjecture of Mazur and Rubin and of the third author for 
{L^^n/L^/k, S, T, V^, V). For simplicity, put 

• Ln ■ 

• L .= 

• Gn Gx,n ~ Gal(T^^n/^)) 

. G:=G^ = Gal(Lx/fc); 

• Gal(TT^ , 

• V := = {v E S \ V splits completely in 

• r:=r^ = # 14 . 

Put e := r' — r. Let /(Pn) denote the augmentation ideal of Zp[P„]. It is shown in 
[2S1 Lemma 2.11] that there exists a canonical injection 

r r 

Pi Ul,s,t P 
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which induces the injection 

r r 

I'n : (Hc'i.s-t) /(r„)7-r(r„)'+' ^ (Hc'i.a.t) ®z, Zr|r„]//(r„)'+'. 

Note that this injection does not coincides with the map induced by the inclusion 
Ul,s,t ^ Ul^^s,t, and we have 

>'n(NL/L(«)) = Ni,/ia 

for all a G Ul^^s,t (see [28l Remark 2.12]). Let In be the kernel of the natural map 
Zp[^n] —t Zp[G]. For V &V' \ V, let reCi„ : —)■ F^ denote the local reciprocity map 

at w (recall that w is the fixed place lying above v). Define 

Rec^ := y^(rec^(q-(-)) - l)a~^ e RomziG]{L^, h/iD- 

<7£G 

It is shown in [28l Proposition 2.7] that At;GV'\v induces a homomorphism 


Finally, define 


Rec„ ; f| Ul,s,t ^ fj Ul,s,t /(F„)7J(F„)"+'. 

r r 

: fl ^ n ®z, Zp|r„|//(r„)'+‘ 


by 

Mnia) ■= ca ® cr“b 

creFn 

We now state the formulation of [2H1 Conjecture 3] (or [2U Conjecture 5.2]). 


Conjecture 4.1 (MRS{Ln/L/k, S,T,V,V')p). Assume Conjectures RS{Ln/k, S,T,V)p 
and RS{L/k, S, T, V')p. Then we have 

r 

AC.(eL/t.S,T) = » T\Ul.„.s.T»^,^r[Rn\|I{Tnr*y 

(Note that the sign in the right hand side depends on the labeling of S. We follow the 
convention in 0 §5.3].; 


Note that 0 Conjecture MRS(iC/L//c, S', T, R, R')] is slightly stronger than the 
above conjecture (see 0 Remark 5.7]). 

We shall next give an Iwasawa theoretic version of the above conjecture. Note that, 
since the inverse limit 1^ liVnY/liTnY^^ is isomorphic to Zp, the map 

r' r 

lim Rec„ Ul,s,t n Ul,S,T ®-L^\^I{TnY/I{^nY^" 
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uniquely extends to give a Cp-linear map 

r' r 

Cp /\ Ul,s,t ^ Cp{/\ Ul,s,t 1 ^ /( r „) 7 /( r „)'=+ i ) 

n 

which we denote by ReCoo- 


Conjecture 4.2 (MRS(-Roo//i;, S, T, x, V')). Assume that Conjecture RS{Ln/k, S, T, V)p 
is valid for all n. Then, there exists a (unique) 

r 

« = («n)n e f| Ul,S,T I {T /1 {T 

n 

such that 

^ni^n) — ■^niA-Ln/k,S,T) 

for all n and that 

r 

= (-l)’'%ReCoo(ei;,,5,r) ^n Cp{/\Ul,s,t \imI{r^Y/H'^nY^")- 


Remark 4.3. Clearly the validity of Conjecture MRS(Ln/L//c, S,T, V, V')p for all n 
implies the validity of MRS(iCoo/^) S, T, x, V). A significant advantage of the above 
formulation of Conjecture MRS(Aroo /^5 S, T, x, V) is that we do not need to assume 
that Conjecture R‘^{L/k, S, T, V')p is valid. 


Proposition 4.4. 

(i) IfV = V', then MR^{K^/k, S, T, x, V’) is valid. 

(ii) IfV C V" C V, then MR'^{K^/k, S, T, x, V') implies MRS{K^/k, S, T, x, V”)- 
(hi) Suppose that x{GlY = 1 for all v E S and ffV = ffS — 1. Then, for any 

V" C S with V C V" and #R" = jfS - 1, MRS{Koc/k, S,T,x,V') and 
MRS{Koo/k, S,T,x,V") are equivalent. 

(iv) If V eV'\V is a finite place which is unramified in Loo? then MRS(A'oo/fc, *S'\ 
{n}, T, X, V \ {n}) implies MRS(iCoo//^, S, T, x, V). 

(v) If ffV Y YS — 1 and v E S \ V' is a finite place which is unramified in Loo, 
then MRS{Koo/k, S \ {n}, T, x, V) implies MRS(iCoo//^, S, T, x, V). 


Proof. Claim (i) follows from the ‘norm relation’ of Rubin-Stark elements, see [281 
Remark 3.9] or [2^ Proposition 5.7]. Claim (ii) follows from [28l Proposition 3.12]. 
Claim (iii) follows from (23 Lemma 5.1]. Claim (iv) follows from the proof of [251 
Proposition 3.13]. Claim (v) follows by noting that 

^L„/fc,5,T = (1 “ FR 


and 


^L/k,S,T 


(1 - R„-‘)£ 


V' 

L/k,S\{v} 


,T- 


□ 
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Corollary 4.5. If every place v in V'\V is both non-archimedean and unramified in 
Loo, then MRS{Koo/k, S,T,x,V') is valid. 

Proof. By Proposition I4.4l ivi. we may assume V = V. By Proposition I4.4l ii. 
MRS(iPoo/^, S, T, X, V) is valid in this case. □ 

Consider the following condition: 

NTZ(iPoo /^5 x) x{Gp) 7 ^ 1 for all p G Sp{k) which ramify in Ly. oo. 

This condition is usually called ‘no trivial zeros’. 

Corollary 4.6. Assume that x satisfies NTZ(iPoo/ k, x) ■ Then MRS(iPoo/ k, S, T, y, V) 
is valid. 


Proof. In this case we see that every n G R' \ R is hnite and unramihed in Loo- □ 


4.2. Connection to the Gross-Stark conjectnre. In this subsection we help set 

the context for Conjecture MRS{Koo/k, S,T,x,V') by showing that it specializes to 
recover the Gross-Stark Conjecture (as stated in Conjecture l4.7l belowj. 

To do this we assume throughout that k is totally real, koo/k is the cyclotomic 
Zp-extension and y is totally odd. We also set R' := {n G S' | y(G^) = 1} (and note 
that this is a proper subset of S since y is totally odd) and we assume that every 
n G R' lies above p (noting that this assumption is not restrictive as a consequence 
of Proposition I4.4l ivl). 

We shall now show that this case of MRS(iCoo//i:, S', T, y, R') is equivalent to the 
Gross-Stark conjecture. 

As a hrst step, we note that in this case R is empty (that is, r = 0) and so one 
knows that Conjecture RS(L„//c, S', T, R)p is valid for all n (by [271 Theorem 3.3]). 
In fact, one has ~ ^in/fc,s,T(0) G Zp[^„] and, by [211 Proposition 5.4], the 

assertion of Conjecture MRS(iPoo//i;, S', T, y, V) is equivalent to the following claims: 
one has 

(15) 6'i,„/fe,5,r(0) G 
for all n and 

(16) e^9L^ik,s,T{^) = exReCoo(er/fc,5,T) in Cp[G] (8)^^ limlfTnY'/IfTnY'+fi 

n 

where we set 


eL„/fcS,T(0) := Iim9i./1,S.T(0) £ Um~ Zp|G] lim /(r„)'7/(r„) 


\r'+l 


We also note that the validity of flT^ follows as a consequence of our Iwasawa main 
conjecture (Conjecture 13.ip by using Proposition I2.6l iiij and the result of [9l Lemma 
5.19] (see the argument in ^5.3p . 

To study flTBp we set yi := y| a ^ and regard (as we may) the product X 2 '■= XXi^ 
as a character of P = Gafikoo/k). 
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Note that Gal(Loo/fc) = Fix a topological generator 7 G F^^, and identify 

Zp[ini(Ai)][[F^J] with the ring of power series Zp[ini(Ai)] [[f]] via the correspondence 
7 = 1 + t. 

We then define 9^^/k image of 0L^/k,s,TiS^) under the map 

ZpllGiil(Wi)]] = Z,[G,„]||r,,J] ^ Z,[im(xi)]||r,,J] = Zp[im(xi)]||i]] 


induced by Xi- We recall that the p-adic L-function of Deligne-Ribet is defined by 

Lk,s,T,p{.X~^^^,s) := £/L^/fc,s,r(w(7)Xcyc(7)" “ 1), 

where Xcyc is the cyclotomic character, and we note that one can show Lfc, 5 ,r,p(x ~^<^5 s) 
to be independent of the choice of 7 . 

The validity of (ITSD implies an inequality 

(17) oids=QLk,s,T,p{x~^^, s) > r'. 

It is known that flTTD is a consequence of the Iwasawa main conjecture (in the sense 
of Wiles |3H]), which is itself known to be valid when p is odd. In addition, Spiess 
has recently proved that flTT)) is valid, including the case p = 2, by using Shintani 
cocycles [32]. In all cases, therefore, we can define 

LkSTpix~^i^,0) ■= lims“'''Lfc,5,T,p(x"^w,s) e Cp. 

’ ’ .<?—^(1 


For u G Id', dehne 


by 


Log^ : L" ^ Zp[G] 


Log^(a) :=-^logp(NL^/Q^(aa))cr \ 

o-eG 


where logp : Qp Zp is Iwasawa’s logarithm (in the sense that logp(p) = 0). We set 


Logy' /\ Log^ ; Cp ^ Ul,s,t —t Cp[G]. 
vev 


We shall denote the map Cp[G] —>■ Cp induced by y also by y. 
For u G Id', we define 

Ord^ : Z[G] 

by 

Ord^(a) := E ordu,(cra)cr \ 

o-eG 


Ordy/ yA^ Ordu; : Cp yA^ Ul,s,t —t Cp[G]. 

veV 


and set 
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On the x-component, Ordy' induces an isomorphism 

r' 

X o Ordy/ : e^Cp yA^ Ul^s,t Cp. 


Taking a non-zero element x G e^Cp f\^ Ul,s,t, we dehne the ^-invariant by 


^(X):= 


x(Logy,(a:)) 
X( 0 rdy.(x)) ^ 


Since e^^Cp /\^ Ul,s,t is a one dimensional Cp-vector space, we see that C{x) does 
not depend on the choice of x. 

Then the Gross-Stark conjecture is stated as follows. 


Conjecture 4.7 {GS{L/k, S,T,x))- 


L 


(rO 

k,S,T,p 


(x ^^,0) — k^(x)^k,s\v',T(x \ 0 ). 


Remark 4.8. This formulation constitutes a natural higher rank generalization of 
the form of the Gross-Stark conjecture that is considered by Darmon, Dasgupta and 
Pollack (see [121 Gonjecture 1]). 

Letting x = ^ we obtain 

x(Logy,(€'^//^Sj.)) = £(x)Lk,s\v',T(x~\0). 

Thus we see that Gonjecture GS(L/k, S, T, x) is equivalent to the equality 

Lk'lT,pix~^^,0) = x{^ogy,{el'/j^sT))- 

Goncerning the relation between ReCoo and Logy/, we note the fact 

Xcyc(rec^(a)) = Ni^/Qp(a)“S 


where v G V and a ^ . 

Given this fact, it is straightforward to check (under the validity of fllSp l that 
Gonjecture GS{L/k, S,T,x) is equivalent to flTHl) . 

At this stage we have therefore proved the following result. 

Theorem 4.9. Suppose that k is totally real, koo/k is the cyclotomic Zp-extension, 
and X is totally odd. Set R' := {n G S' | x(G^) = 1} and assume that every v E V 
lies above p. Assume also that l[T5\) is valid. Then Conjecture GS{L/k, S,T,x) is 
equivalent to Conjecture MRS(JLoo/fc, S, T, x, V). 
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4.3. A proof in the case A; = Q. In P Corollary 1.2] the known validity of 
the eTNC for Tate motives over abelian helds is used to prove that Conjecture 
MRS(A/L/A;, S, T, V, V) is valid in the case /c = Q. 

In this subsection, we shall give a much simpler proof of the latter result which 
uses only Theorem 14.91 the known validity of the Gross-Stark conjecture over abelian 
helds and a classical result of Solomon [30] . 

We note that for any x n the Rubin-Stark conjecture is known to be true for 
{Ly.^n/Q, S,T, V^). (In this setting the Rubin-Stark element is given by a cyclotomic 
unit (resp. the Stickelberger element) when = 1 (resp. = 0).) 

Theorem 4.10. Suppose that k = Q. Then, MRS(iCoo/A;, S', T, y, W) is valid. 

Proof. By Proposition Id.di iij. we may assume that V is maximal, namely, 

r' = min{#{n G ^ | x(G„) = 1 }, - 1 }. 

By Corollary 14.61 we may assume that x{p) = 1- 

Suppose hrst that y is odd. Since Conjecture GS(L/Q, S', T, y) is valid (see (TO] 
§4]), Conjecture MRS(iCoo/Q, S', T, y, W) follows from Theorem 14.91 

Suppose next that y = 1. In this case we have r' = ffS — 1. We may assume p 
by Proposition I4.4r iiij . In this case every w G R' \ R is unramihed in Loo- Hence, the 
theorem follows from Corollary 14.51 

Finally, suppose that y 7 ^ 1 is even. By Proposition 14.4f ivj and (v), we may assume 
S = {00, p} U S'ram(-h/Q) and V = {oo,p}. 

We label S = {vq, ui,...} so that = cxo and = p. 

Fix a topological generator 7 of F = Gal(Loo/L). Then we construct an element 
a(L, 7 ) G l^m ^ as follows. Note that ^Ln/Ly^^/Qsx) vanishes since y(p) = 

1. So we can take fdn G Lj( such that (Hilbert’s theorem 90). Dehne 

:=Ni„/i(/30eLV(LX)^". 

This element is independent of the choice of /3„, and for any m > n the natural map 

^x/(^x)p- ^ LX/(LX)P'‘ 

sends Km to We dehne 

a(L, 7 ) := {Kn)n e l^m LX/(LX)P". 

n 

Then, by Solomon [301 Proposition 2.3(i)], we know that 

-A lmLX/(LX)P". 

n 

Fix a prime p of L lying above p. Dehne 

Ordp :L^^Zp[G] 


k{L, 7) G Zp Ol 
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by Ordp(a) := XIo-ggS imilarly, define 

Logp : ^ Zp[G] 

by Logp(a) := — XIo-gg where ip : L Lp = Qp is the natural 
embedding. 

Then by the result of Solomon pUl Theorem 2.1 and Remark 2.4], one deduces 
Ordp(«:(L, 7 )) = 

From this, we have 

(18) Ordp(K(L, 7 )) 0 (7 - 1 ) = -Recp(e^/Q^ 5 \{p}_r) in Zp[G] I{V)/I{Vf, 

where /(T) is the augmentation ideal of Zp[[r]]. 

We know that e^Xl-pU l,s is a two-dimensional Cp-vector space. Lemma 14.111 below 
shows that {e^Ci/Q 5 \{p}-r, 7 )} is a Cp-basis of this space. For simplicity, set 

e]( := ^^/Qs\{p}T- Nofs that the isomorphism 

2 

Ordp : e^Cp f\^UL,s ^ 

sends A k(L, 7 ) to —x(Ordp(K(L, 7 )))e^e^. Since we have 

Oidp{e^e^L/^^s,T) = -^x^l 

(see [27l Proposition 5.2] or [281 Proposition 3.6]), we have 

ex^L'/Q,s,T = -x(Ordp(fi;(L, 7 )))"^exe)( A k(L, 7 ). 

Hence we have 

Recp(e^e^/Q_5_r) = x(Ordp(K(L,7)))"^exfi;(L,7) • Recp(e^) 

= -exfi:(T, 7 ) (g) (7 - 1 ), 

where the first equality follows by noting that ReCp(K(L, 7 )) = 0 (since k{L,'j) lies in 
the universal norm by definition), and the second by flTH]) . 

Now, noting that 

■ Ul,S,T ®1j, liXn) / ^ Ul^^s,T [hn]/-f (h^)^ 

is induced by the inclusion map L ^ Ln, and that 

■^n{^Y,n/Q,S,T) = ® (7 ~ 1 ); 

it is easy to see that the element k := (g) (7 — 1 ) has the properties in the 

statement of Conjecture MRS(/Loo/Q) S, T, x, V). 

This completes the proof the claimed result. □ 
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Lemma 4.11. Assume that k = Q and x 7^ 1 even such that x{p) = 1- Assume 
also that S = {oo,p} U S'ram(-^/Q)- Then, ® Cp-basis of 

CyfllpUi^^s- 

Proof. This result follows from [311 Remark 4.4], But we give a sketch of another 
proof, which is essentially given by Flach in [IT] . 

In the next section, we dehne the ‘Bockstein map’ 

13 : e^CpUL,s ^ e^Cp^X^^s /(r)//(r)2). 

We see that (3 is injective on e^CpUi, and that 

ker/3 ~ Ul^^s Cp, 

where we put A := Tsp[[Q]\ and Cp is regarded as a A-algebra via y. Hence we have 

e^CpUL,s = e^Cpf/i © {Ul^^s <2)a Cp). 

Since s\{p} t non-zero, this is a basis of e^CpUL,s\{p} = e^Cpt/i. We prove 

that e^A(L, 7 ) is a basis of Ul^^s <2 )a Cp. 

By using the exact sequence 

0 Ul,s, 

we see that there exists a unique element a E Ul^^s such that (7 — l)a = ^^^/qst- 
By the cyclotomic Iwasawa main conjecture over Q, we see that « is a basis of 
Ul^,s ®k Ap^, where := ker(x : A Cp). The image of a under the map 

UlocS ®a Ap^ A Ul.^,s ®a Cp e^CpUi^s 
is equal to e^K.{L, 7). □ 

5. A STRATEGY FOR PROVING THE ETNC 

5.1. Statement of the main resnlt and applications. In the sequel we £x an 
intermediate held L of Kao/k which is hnite over k and set G := Gal(L//c). In this 
section we always assume the following conditions to be satished: 

(R) for every y G G, one has < ifS] 

(S) no hnite place of k splits completely in koo- 

Remark 5.1. Before proceeding we note that condition (R) is very mild since it is 
automatically satisfied when the class number of k is equal to one and, for any k, is 
satisfied when S is large enough. We also note that condition (S) is satisfied when, 
for example, koo/k is the cyclotomic Zp-extension. 

The following result is one of the main results of this article and, as we will see, it 
provides an effective strategy for proving the special case of the eTNC that we are 
considering here. 

Theorem 5.2. Assume the following conditions: 
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(hIMC) The main conjecture lMC{Koo/k, S,T) is valid; 

(F) for every x ‘In G, the module of coinvariants of is finite; 

(MRS) for every y in G, Conjecture MRS(Koo/k, S,T,x,Vf) is valid for a maximal 
set (so that = min{#{w e S \ x{G,) = 1}, ffS - 1}). 

Then, the conjecture eTNC(/i°(Spec L), Zp[G]) is valid. 

Remark 5.3. We note that the set in condition (MRS) is not nniquely determined 
when every place n in S' satishes x(G^) = 1, bnt that the validity of the conjecture 
MRS(RooA, “S', T, X, is independent of the choice of IR (by Proposition Id.df iii)). 

Remark 5.4. One checks easily that the condition (F) is equivalent to the hniteness 
of the the module of F^^-coinvariants of ^^(L^^oo)- Hence, taking account of an obser¬ 
vation of Kolster in [2^ Theorem 1.14], condition (F) can be regarded as a natural 
generalization of the Gross conjecture m Conjecture 1.15]. In particular, we recall 
that condition (F) is satished in each of the following cases: 

• L is abelian over Q (due to Greenberg, see [T7]). 

• koo/k is the cyclotomic Zp-extension and L has unique p-adic place (in this 
case = 0’ holds obviously, see [25]). 

• L is totally real and the Leopoldt coniecture is valid for L at p (see ESI 
Corollary 1.3]). 

Remark 5.5. The condition (MRS) is satished for y in G when the condition 
NTZ(JFoo/fc, x) is satished (see Corollary 14.bh . 

As an immediate corollary of Theorem 15.21 we obtain a new proof of a theorem 
that was hrst proved by Greither and the hrst author [S] for p odd, and by Flach [T5] 
for p = 2. 

Corollary 5.6. If k = Q, then the conjecture eTNC(h°(Spec L), Zp[G]) is valid. 

Proof. As we mentioned above, the conditions (R), (S) and (F) are all satished in this 
case. In addition, the condition (hIMC) is a direct consequence of the classical Iwa- 
sawa main conjecture solved by Mazur and Wiles (see [8] and [15]) and the condition 
(MRS) is satished by Theorem 14.101 □ 

We also obtain a result over totally real helds. 

Corollary 5.7. Suppose that p is odd, k is totally real, koo/k is the cyclotomic Zp- 
extension, and K is CM. Assume that (F) is satisfied, that the p-invariant of K^/K 
vanishes, and that for every odd character y G G Conjecture GS{L^/k, S,T,x) is 
valid. Then, Conjecture eTNC^h^{Spec L),Zp[G]~) is valid. 


Proof. We take S so that condition (R) is satished. Then the minus-part of condition 
(hIMC) is satished by Theorem I3.21f i) and the minus part of condition (MRS) by 
Theorem HE] □ 
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When at most one p-adic place p of A; satisfies x{Gp) = 1, Dasgupta, Darmon and 
Pollack proved the validity of Conjecture GS{L^/k, S,T,x) under some assumptions 
including Leopoldt’s conjecture (see lED- Recently in the same case Ventullo asserts 
in [3S] that Conjecture GS{L^/k, S,T,x) is unconditionally valid. In this case con¬ 
dition (F) is also valid by the argument of Gross in [IHl Proposition 2.13]. Hence we 
get the following 

Corollary 5.8. Suppose that p is odd, k is totally real, koo/k is the cyclotomic Zp- 
extension, and K is CM. Assume that the fi-invariant of Koo/K vanishes, and that 
for each odd character y G G there is at most one p-adic place p of k which satisfies 
x{Gp) = 1. Then, Conjecture eTNC{h^{Spec L),Zp[G]~) is valid. 

Examples 5.9. It is not difficult to hnd many concrete families of examples which 
satisfy all of the hypotheses of Corollary 15.81 and hence to deduce the validity of 
eTNC(h°(Spec L), Zp[G]“) in some new and interesting cases. In particular, we shall 
now describe several families of examples in which the extension k/Q is not abelian 
(noting that if L/Q is abelian and k C L, then eTNC(/i°(SpecL),Zp[G]) is already 
known to be valid). 

(i) The case p = 3. As a simple example, we consider the case that /c/Q is a S 3 - 
extension. To do this we hx an irreducible cubic polynomial f{x) in Z[x] with dis¬ 
criminant 27d where d is strictly positive and congruent to 2 modulo 3. (For example, 
one can take f{x) to be x^ — 6x — 3, x^ — 15x — 3, etc.) The minimal splitting held k 
of f{x) over Q is then totally real (since 27d > 0) and an S' 3 -extension of Q (since 27d 
is not a square). Also, since the discriminant of f{x) is divisible by 27 but not 81, the 
prime 3 is totally ramihed in k. Now set p := 3 and K := k{pp) = k{yj—p) = k{\/—d). 
Then the prime above p splits in K/k because —d = 1 (mod 3). In addition, as 
K/Q{\/d, y/-^) is a cyclic cubic extension, the p-invariant of K^o/K vanishes and so 
the extension K/k satishes all the conditions of Corollary 15.81 (with p = 3). 

(ii) The case p > 3. In this case one can construct a suitable held K in the following 
way. Fix a primitive p-th root of unity (, an integer i such that 1 < i < {p — 3)/ 2 
and an integer b which is prime to p, and then set 

a ;= (1 + b{C - 1))'*+V(1 + KC"' - !)'*+')• 

Write ord^ for the normalized additive valuation of Q(pp) associated to the prime 
element tt = (^ — 1. Then, since ord 7 r(a — 1) = 2i -|- 1 < p, (tt) is totally ramihed 
in Q{fip, ^)/Q{pp). Also, since p{a) = a~^ where p is the complex conjugation, 
Q(/ip, f/a) is the composite of a cyclic extension of Q{pp)~^ of degree p and Q(/ip). 
This shows that Q{pp, f/a) is a CM-held and, since 1 < 2i -|- 1 < p, the extension 
Q(/ip, ya)’'‘/Q is non-abelian. We now take a negative integer —d which is a quadratic 
residue modulo p, let K denote the CM-held Q(p.p, ffa, \/—d) and set k := iF+. Then 
p is totally ramihed in /c/Q and the p-adic prime of k splits in K. In addition, /c/Q 
is not abelian and the p-invariant of Koo/K vanishes since K/Q{pp, y/—d) is cyclic 





45 


of degree p. This shows that the extension K/k satishes all of the hypotheses of 
Corollary 15.81 

(hi) In both of the cases (i) and (ii) described above, p is totally ramihed in the 
extension fcoo/Q and so Corollary 15.81 implies that eTNC(h°(Spec Zp[G]”) is valid 
for any non-negative integer n. In addition, if F is any real abelian held of degree 
prime to [k : Q] in which p is totally ramihed, the minus component of the p-part of 
eTNC for FKn/k holds for any non-negative integer n. 

Remark 5.10. Finally we note that, by using similar methods to the proofs of 
the above corollaries it is also possible to deduce the main result of Bley [2] as a 
consequence of Theorem 15.21 In this case k is imaginary quadratic, the validity of 
(hIMC) can be derived from Rubin’s result in [26] (as explained in |2]), and the 
conjecture (MRS) from Bley’s result [1], which is itself an analogue of Solomon’s 
theorem [30] for elliptic units, by using the same argument as Theorem 14.101 

5.2. A computation of Bockstein maps. Fix a character y G G. For simplicity, 
we set 

• Ln ■ 

• L .= 

• V := = {v & S \ V splits completely in T^,oo}; 

• T != 

• V := IC (as in (MRS) in Theorem 15.2p : 

• r' := = W] 

• e := r' — r. 

As in 1 14.11 we label S = {uq, ui,...} so that V = {ui,..., Vr} and V = {ui,..., n^'}, 
and hx a place w lying above each v E S. Also, as in 1 12.41 it will be useful to hx a 
representative of Ck^,s,t- 

where the hrst term is placed in degree zero, and H-Koc is a free A-module with basis 
{5i,..., hd}- This representative is chosen so that the natural surjection 

sends bi to Wi — wq for every i with 1 <i <r'. 

We dehne a height one regular prime ideal of A by setting 

p := ker(A 4 Qp(y) := Qp(imy)). 

Then the localization i? := Ap is a discrete valuation ring and we write P for its 
maximal ideal. We see that y induces an isomorphism 

E-.= R/F4Qp(y). 

We set G := Ck^,s,t R and II := ®a R- 
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Lemma 5.11. Let 'y be a topological generator of T = GaX{Koo/K). Let n he an 
integer which satisfies 7 ^" G Gal{Koo/L) ■ Then 7 ^" — 1 is a uniformizer of R. 

Proof. Regard x G and put xi ■= x\a ^ We identify R with the localization of 

^xA^/p] = ^p[™Xi][[r]][l/p] at q := ker(A^Jl/p] ^ Qp(x)). 

Then the lemma follows by noting that the localization of K^fifi/p ]/— 1) = 
Zp[imxi][r„][l/p] at q is identified with Qp(x)- D 

Lemma 5.12. Assume that the condition (F) is satisfied. 

(i) H^{C) is isomorphic to Uk^,s,t G)a R, and R-free of rank r. 

(ii) H^{C) is isomorphic to Xk^,s G)a R. 

(iii) The maximal R-torsion submodule H^{C)toTs of H^{C) is isomorphic to Xk^,s\vG)a 
R, and annihilated by P. (So H^{C)tors is an E-vector space.) 

(iv) := H^{C)/H^{C)tors is isomorphic to is therefore 

R-free of rank r. 

(v) dimE(if^(C')tors) = e. 

Proof. Since Uk^,s,t ®a R = H^iC) is regarded as a submodule of If, we see that 

Uk^,s,t ®a R is -R-free. Put Xi •= xU ^ Note that Loo := ~ 

that the quotient held of R is Q(A^j). As in the proof of Theorem 13.51 we have 

Uk^,s,t ®a Qi^xi) - yLooy ^Zp[[gx]] Qi^xA- 

These are r-dimensional Q(A^J-vector spaces. This proves (i). 

To prove (ii), it is sufhcient to show that A^^Koo) <S)a R = 0. Fix a topological 
generator 7 of T, and regard Zp[[r]] as the ring of power series Z,p[[T]] via the iden- 
tihcation 7 = 1 -|- T. Let / be the characteristic polynomial of the Zp[[T]]-module 
A^(Loo). By Lemma [5.111 for sufficiently large n, 7 ^" — 1 is a uniformizer of R. On 
the other hand, by the assumption (F), we see that / is prime to 7 ^" — 1. This implies 
(ii). 

We prove (iii). Proving that H^{C)tors is isomorphic to if is sufficient 

to show that 

QAxi) — yKoo,V ®A Q(Axi), 

by (ii). This has been shown in the proof of Theorem l3.51 We prove that Xk^,s\vGiaR 
is annihilated by P. Note that 

^K^,S\V ®aR = A!k^,S\{VuSoo) ®A R, 

since the complex conjugation c at n G Soo \ (R O Soo) is non-trivial in , and hence 
c—1 G R^. Hence, it is sufficient to show that, for every v E S\(y URoo), there exists 
(j G Gt, n P such that a — 1 is a uniformizer of R, where G^ C ^ is the decomposition 
group at a place of Koo lying above v. Thanks to the assumption (S), we hnd such a 
by Lemma 15.111 

The assertion (iv) is immediate from the above argument. 
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The assertion (v) follows from (iii), (iv), and that 

^K^,s ^aE Xl^s ^ZplGx] Qp(x) — e^Qp{x)‘^L,S — exQp(x)3^L,y' 
is an r'-dimensional i?-vector space. □ 

In the following for any i?-module M we often denote M (8)i? E by Me- Also, we 
assume that (F) is satished. 

Definition 5.13. The ‘Bockstein map’ is the map 

I3-.H\Ce) -> H\C®rP) 

= H\C)®rP 
-> H\Ce)®eP/P‘' 

induced by the exact triangle 

C ®R P —C —V Ce- 

Note that there are canonical isomorphisms 

H^{Ce) — Ul,s,t ®Zp[Gx] Qpix) — exQp{x)UL,s,T, 

H^{Ce) — Xl,S ®Zp[Gx] Qpix) — ^xQpix)‘^L,S — exQpix)yL,V', 

where Qp(x) is regarded as a Zp[Gx]-algebra via x- Note also that P is generated by 
yP" — 1 with sufficiently large n, where 7 is a fixed topological generator of T (see 
Lemma 15.111) . There is a canonical isomorphism 

j(rx)//(rx )2 Qp(x) ^ P/P\ 

where /(T^) denotes the augmentation ideal of Zp[[r^]]. (Note that T = Gal(JFoo//F) 
and T^ = Gal(Loo/T).) Thus, the Bockstein map is regarded as the map 

P : exQpix)UL,s,T ^ exQpix)iXL,s®ZpIiTx)/liTx)^) ^ exQpix)iyLy'®ZpIiTx)/Iirx)^). 
Proposition 5.14. The Bockstein map is induced by the map 

UE,s,T^XL,S®I-pIiTx)/IiTx)^ 
given by a ^ Y.wgSl ^ ® (i’ec^(a) “ !)■ 

Proof. The proof is the same as that of [HI Lemma 5.8]. We sketch the proof given 
in loc. cit. 

Take n so that the image of 7 ^" G Gal(iFoo/-^) in Gal(Loo/L) = T^ is a generator. 

We regard 7 ^" G T^. Define 9 G H^{L,Xp) = Hom(GL,Zp) by 7 ^" i-7 1. Define 

y '■ exQpix)UL,s,T exQp(x)(Ax,s' ®Zp x)/^yx)"^) ^ ^xQpM^^vy 

by /3(a) = /3'(a) 0 ( 7 ^" — 1)- Then, (3' is induced by the cup product 

■ U0 : QpUl,s - H\Ol,s,QpQ)) ^ H\OL,s,Qpil)) - QpXysxs^- 
By class held theory we see that /? is induced by the map a i-7 J^wes^XSoaiL)'^ ® 
(reCu,(a) — 1). Since rec^(a) = 1 G T^ for all w G S'oo(L), the proposition follows. □ 
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Proposition 5.15. Then we have eanonieal isomorphisms 

ker/3 ~ H\C)e 

and 

coker/3 ~ P/P^. 

Proof. Let 6 be the boundary map H^{Ce) —^ H^{C <^r P) = Pl^{C) ®r P. We have 
ker (5 ~ coker(iL°(C' ®r P) H^{C)) = H%C)e 

and 

im(5 = keiiH^C) ®rP-^ H\C)) = H\C)[P] P, 
where H^{C) [P] is the submodule of H^{C) which is annihilated by P. By Proposition 
15.121 (hi), we know H^{C)[P] = P^(C)tors- Hence, the natural map 

H\C) (^rP^ H\C) P/P2 ~ H\C)e (^e p/p" ^ H\Ce) (^e P/P" 
is injective on P^(C)tors ’^r P- From this we see that ker jS ~ H^{C)e- We also have 
coker/3 ~ coker(pi(C)tors ®a P ^ P/P') ~ H\C)ti ®r P/P‘". 

Hence we have completed the proof. □ 

By Lemma [5.121 we see that there are canonical isomorphisms 

H^{C)e — Uk^,s,t Qpix), 

H^{C)e — ^K^,S Qp{x)j 
H^{C)t{,E — yK^,V Qp(x)- 
Hence, by Proposition 15.151 we have the exact sequence 

0 Uk^,s,t 8 )a Qpix) e^Qp{x)UL,s,T 

e^Qp(x)(3^L,v' yKoo,v ®aP/P" —^0. 

This induces an isomorphism 

t' r' r r 

P ■■ eMx)i/\UL,S,T^/\yi,v>) ^ /\iUK^,S,T^AQp{x))®/\iyK^,V^AQp{x))^PVP^^^- 
We have isomorphisms 

r' 

/\ yiy ^ '^p[^x\'i w\ /\ ■ ■ ■ h, w/., 1, 

r 

A^^^ocU Qpix)) ^ Qp(x); wj" A ■ ■ ■ A < ^ 1. 

By these isomorphisms, we see that (3 induces an isomorphism 

r' r 

exQp(x) A ^l,s,t ^ /\{Uk^,s,t <H)a Qp(x)) ® P^ / P'^’^S 
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which we denote also by (3. Note that we have a natural injection 

r r 

A(Uk„.s,t Qpix)) ® e^Qp(x)(A /(r^)7J(rj^+'). 

Composing this with (3, we have an injection 

r' r 

P ■■ eMx) A -a e^QM(/\U l,s.t ®z, /(r,) 7 /(r 

By Proposition 15.141 we obtain the following 

Proposition 5.16. Let 

r' r 

A Ul,s,t Cp(A Ul,s,t xT / ^ 

be the map defined in E3 Then we have 

i-iy^e^Rec^ = fi. 

In particular, e^ReCoo is injective. 

5.3. The proof of the main result. In this section we prove Theorem 15.21 
We start with an important technical observation. Let n„ denote the free 
module (8 )a and denote the augmentation ideal of Zp[r^^„]. 

We recall from [9l Lemma 5.19] that the image of 

r 

^L/fc,s,T : detzp[g^,„](CL„,s,T) l\T\.n 

is contained in ' K (see Proposition 12. 6f iiiB and also from P Proposition 

4.17] that o A/"n induces the map 


\e+l 


■ A nn ^ A no /(rx.n)7^(rx.n)^ 

Lemma 5.17. There exists a commutative diagram 

detZp[g^ ,^](CL„,S,T) -^ detZp[Gx](C'L,s,T) 


V 

"^Ln/k.S.T 


V' 

'^L/k,S,T 


/(r,,„)' ■ K n„ 


ul,s,t 

(-l)"-=Rec„ 


A ^0 <8)Zp -^(rx,n)^/7(rx,n) 


e +1 , 


n^Pw 0z/(Px,77Arx,n)^+'. 


Proof. This follows from Proposition I2.6l iii) and [HI Lemma 5.21]. 


□ 















50 


DAVID BURNS, MASATO KURIHARA AND TAKAMICHI SANO 


For any intermediate field F of Koo/k, we denote by CF/k,s,T the image of the 
(conjectured) element CK^/k,s,T of detA(Ci^,,^^ 5 _T) under the isomorphism 

Zp[[Gal(F//c)]] ( 8 )a detA(GA-^^5_T) — detzp[[Gai(F/fc)]](C'F,5,r)- 

Note that, by the proof of Theorem 13.41 we have 

V ( n ^ _ V 

— ^Lr,lk,S,T- 

Hence, Lemma [5.171 implies that 

{ — iy^'ReCn{TrY/k,S,Tik^L/k,S,T)) = ° ■^ny^^/k,S,T) ^n- 

We set 

r 

■= («n)n G (~]Ul,S,T ^Zp I (T y y .nY^^ ■ 

n 

Then the validity of Conjecture MRS(iFoo/fc, S, T, x, V) implies that 

In addition, by Proposition 15.161 we know that e^ReCoo is injective, and so 

v ( r \ — y 

'^LIk,S,T\^X^LIk,S,T) — ^x^L/k,S,T- 

Hence, by Proposition l2.5l we see that Conjecture eTNC(h°(Spec L), Zp[G]) is valid, 
as claimed. 
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